S

TRANSFORM ANALYSIS OF
LINEAR TIME-INVARIANT
SYSTEMS

5.0 INTRODUCTION

In Chapter 2 we developed the Fourier transform representation of discrete-time signals
and systems, and in Chapter 3 we extended that representation to the z-transform. In
both chapters, the emphasis was on the transforms and their properties, with only a
brief preview of the details of their use in the analysis of linear time-invariant (LTT)
systems. In this chapter, we develop in more detail the representation and analysis of
LTT systems using the Fourier and z-transforms. The material is essential background
for our discussion in Chapter 6 of the implementation of LTI systems and in Chapter 7
of the design of such systems.

As developed in Chapter 2, an LTI system can be completely characterized in the
time domain by its impulse response A{#n], with the output y[n] due to a given input x[n]
specified through the convolution sum

oo

y[n] = x[n] * h[n] = E x[k)h[n — k]. (5.1)

k=—co

Alternatively, as discussed in Section 2.7, since the frequency response and impulse
response are directly related through the Fourier transform, the frequency response,
assuming it exists (i.e., converges), provides an equally complete characterization of LTI
systems. In Chapter 3 we developed the z-transform as a generalization of the Fourier
transform, and we showed that Y(z), the z-transform of the output of an LTI system, is
related to X(z), the z-transform of the input, and H(z), the z-transform of the system
impulse response, by

Y(z) = H(z) X(2), (5.2)
240
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with an appropriate region of convergence. H(z) is referred to as the system function.
Since the z-transform and a sequence form a unique pair, it follows that any LTT system
is completely characterized by its system function, again assuming convergence.

As we will see in this chapter, both the frequency response and the system function
are extremely useful in the analysis and representation of LTI systems, because we can
readily infer many properties of the system response from them.

5.1 THE FREQUENCY RESPONSE OF LTI SYSTEMS

The frequency response H(e’/“) of an LTI system was defined in Section 2.6 as the
complex gain (eigenvalue) that the system applies to the complex exponential input
(eigenfunction) e/*". Furthermore, in Section 2.9.6 we developed the fact that, since the
Fourier transform of a sequence represents a decomposition as a linear combination
of complex exponentials, the Fourier transforms of the system input and output are
related by

Y(e/®) = H(e/®) X (e®), (5.3)

where X(e/“) and Y (e/®) are the Fourier transforms of the system input and output,
respectively. With the frequency response expressed in polar form, the magnitude and
phase of the Fourier transforms of the system input and output are related by

[Y(e!*)| = | H(e) - | X(e/*)I, (5.4a)
<Y(e’®) = <H(e!®) + < X(e/®). (5.4b)

| H(e/®)| is referred to as the magnitude response or the gain of the system, and < H(e/®)
is referred to as the phase response or phase shift of the system.

The magnitude and phase effects represented by Egs. (5.4a) and (5.4b) can be
either desirable, if the input signal is modified in a useful way, or undesirable, if the
input signal is changed in a deleterious manner. In the latter case, we often refer to
the effects of an LTI system on a signal, as represented by Egs. (5.4a) and (5.4b), as
magnitude and phase distortions, respectively.

5.1.1 Ideal Frequency-Selective Filters

An important implication of Eq. (5.4a) is that frequency components of the input are
suppressed in the output if | H(e/“)| is small at those frequencies. Whether this sup-
pression of Fourier components is viewed as desirable or undesirable depends on the
specific problem. Example 2.19 formalized the general notion of frequency-selective
filters through the definition of certain ideal frequency responses. For example, the
ideal lowpass filter was defined as the discrete-time linear time-invariant system whose
frequency response is

Hip(e™) = {1’ ol < @, (5.5)

0, w,<|w <m,
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and, of course, Hiy(e’*) is also periodic with period 2. The ideal lowpass filter selects
the low-frequency components of the signal and rejects the high-frequency components.
The corresponding impulse response was shown in Example 2.22 to be

sin w:n

hip[n] = — —00 < N < 0. (5.6)

Analogously, the ideal highpass filter is defined as

; 0, |w| <o,
joy —
Hyp(e!®) = { 1w < o] <7, (5.7)
and since Hpy(e/*) =1 — Hjp(e/?), its impulse response is
sin w.n
hip[n] = 8[n] — hyp[n] = é[n] - - nc : (5.8)

The ideal highpass filter passes the frequency band o, < w < 7 undistorted and rejects
frequencies below w.. Other ideal frequency-selective filters were defined in Exam-
ple 2.19.

The ideal lowpass filters are noncausal, and their impulse responses extend from
—oo to +o0. Therefore, it is not possible to compute the output of either the ideal
lowpass or the ideal highpass filter either recursively or nonrecursively; i.e., the systems
are not computationally realizable.

Another important property of the ideal lowpass filter as defined in Eq. (5.5) is
that the phase response is specified to be zero. If it were not zero, the low-frequency
band selected by the filter would also have phase distortion. It will become clear later
in this chapter that causal approximations to ideal frequency-selective filters must have
a nonzero phase response.

5.1.2 Phase Distortion and Delay

To understand the effect of the phase of a linear system, let us first consider the ideal
delay system. The impulse response is

hig[n] = 8[n — n4], (5.9
and the frequency response is
Hig(e/®) = e~ i®na, (5.10)
or
|Hig(e/®)| =1, (5.11a)
AHia(e!”) = —wna,  |o| <7, (5.11b)

with periodicity 27 in w assumed. For now, we will assume that n, is an integer.
In many applications, delay distortion would be considered a rather mild form
of phase distortion, since its effect is only to shift the sequence in time. Often this
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would be inconsequential, or it could easily be compensated for by introducing delay
in other parts of a larger system. Thus, in designing approximations to ideal filters and
other linear time-invariant systems, we frequently are willing to accept a linear phase
response rather than a zero phase response as our ideal. For example, an ideal lowpass
filter with linear phase would be defined as

fw e—ja.md’ |wi < We,
Hyp(e/®) = {0, o, < o] < 7. (5.12)
Its impulse response is
hipln] = sinw(n ~ nd), —00 < < 00. (5.13)

w(n—nq)

In a similar manner, we could define other ideal frequency-selective filters with linear
phase. These filters would have the desired effect of isolating a band of frequencies in the
input signal, as well as the additional effect of delaying the output by #,. Note, however,
that no matter how large we make ng, the ideal lowpass filter is always noncausal.

A convenient measure of the linearity of the phase is the group delay. The basic
concept of group delay relates to the effect of the phase on a narrowband signal. Specifi-
cally, consider the output of a system with frequency response H(e/®) for a narrowband
input of the form x[n] = s[n] cos(won). Since it is assumed that X(e/®) is nonzero only
around w = wyg, the effect of the phase of the system can be approximated around
® = wy as the linear approximation

<IH(ef“’) ~ —¢g — why. (5.14)

With this approximation, it can be shown (see Problem 5.57) that the response y[n] to
x[n] = s[n] cos(won) is approximately y[n] = | H(e/“?)|s[n — ny] cos(won — do — woha).
Consequently, the time delay of the envelope s[#] of the narrowband signal x[n] with
Fourier transform centered at wy is given by the negative of the slope of the phase at
wo. In considering the linear approximation to < H(e/®) around w = wy, as given in
Eq. (5.14), we must consider the phase response as a continuous function of w. The
phase response specified in this way will be denoted as arg[ H(e’®)] and is referred to
as the continuous phase of H(e'®).

With phase specified as a continuous function of w, the group delay of a system is
defined as

(0) = grd[ H(e™)] = ——(argl H(e/*)]). (515)

The deviation of the group delay from a constant indicates the degree of nonlinearity
of the phase.

Example 5.1 Effects of Attenuation and Group Delay

As an illustration of the effect of group delay, consider a filter with frequency response
magnitude and group delay shown in Figure 5.1. In Figure 5.2, we show an input signal
and its spectrum. In Figure 5.3 is the resulting output signal. Note that the input signal
consists of three consecutive narrowband pulses, at frequencies @ = 0.857,w = 0.257,
and w = 0.57.
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Figure 5.2 Input signal and associated Fourier transform magnitude for
Example 5.1.
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Output Signal y[n]
1 T T j T T T |
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Sample number(n)

Figure 5.3 Output signal for Example 5.1.

Since the filter has considerable attenuation at w = 0.85x, the pulse at that frequency
is not clearly present in the output. Also, since the group delay at w = 0.257 is
approximately 200 samples and at w = 0.57 is approximately 50 samples, the second
pulse in x[n] will be delayed by about 200 samples and the third pulse by 50 samples,
as we see is the case in Figure 5.3.

5.2 SYSTEM FUNCTIONS FOR SYSTEMS CHARACTERIZED
BY LINEAR CONSTANT-COEFFICIENT DIFFERENCE
EQUATIONS

While ideal frequency-selective filters are useful conceptually, they cannot be imple-
mented with finite computation. Therefore, it is of interest to consider a class of systems
that can be implemented as approximations to ideal frequency-selective filters.

In Section 2.5, we considered the class of systems whose input and output satisfy
a linear constant-coefficient difference equation of the form

N M
> ayln— k= bix[n—kl. (5.16)
k=0 k=0

We showed that if we further assume that the system is causal, the difference equation
can be used to compute the output recursively. If the auxiliary conditions correspond
to initial rest, the system will be causal, linear, and time invariant.

The properties and characteristics of LTI systems for which the input and output
satisfy a linear constant-coefficient difference equation are best developed through the
z-transform. Applying the z-transform to both sides of Eq. (5.16) and using the linearity
property (Section 3.4.1) and the time-shifting property (Section 3.4.2), we obtain

N M
Z a7 ¥Y(2) = Z bz * X (z),
k=0

k=0
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or equivalently,

N M
(Z akz_k) Y(2) = (Z bkz_k) X(2). (5.17)
k=0 k=0

From Eq. (5.2) and Eq. (5.17), it follows that, for a system whose input and output satisfy
a difference equation of the form of Eq. (5.16), the system function has the algebraic
form

Y k
-
vo 5™
X(zy XN

> ac
k=0

H(z)in Eq. (5.18) is a ratio of polynomials in z7!, because Eq. (5.16) consists of a linear
combination of delay terms. Although Eq. (5.18) can, of course, be rewritten so that
the polynomials are expressed as powers of z rather than of z7!, it is common practice
not to do so. Also, it is often convenient to express Eq. (5.18) in factored form as

M
(1-az™)
HE) = (@)3} . 519
. H(l - dkz_l)
k=1

H(z) = . (5.18)

Each of the factors (1 — ¢;z™!) in the numerator contributes a zero at z = ¢, and a pole
at z = 0. Similarly, each of the factors (1 — dyz™') in the denominator contributes a zero
at z =0 and a pole at z = d,.

There is a straightforward relationship between the difference equation and the
corresponding algebraic expression for the system function. Specifically, the numerator
polynomial in Eq. (5.18) has the same coefficients and algebraic structure as the right-
hand side of Eq. (5.16) (the terms of the form byz~* correspond to byx[n — k]), while the
denominator polynomial in Eq. (5.18) has the same coefficients and algebraic structure
as the left-hand side of Eq. (5.16) (the terms of the form a,z=* correspond to a; y[n — k]).
Thus, given either the system function in the form of Eq. (5.18) or the difference equation
in the form of Eq. (5.16), it is straightforward to obtain the other.

Example 5.2 Second-Order System

Suppose that the system function of a linear time-invariant system is
(1+z71)?
1, 3.1)
(1=327") (1+327)
Tofind the difference equation that is satisfied by the input and output of this system, we

express H(z) in the form of Eq. (5.18) by multiplying the numerator and denominator
factors to obtain the ratio of polynomials

1+2z7 14272 Y(2)
144271 =322 X(2)

H(z) =

(5.20)

H(z) =

(5.21)
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Thus,
(I+3z' =327 Y@= +2" + 79 X(2),
and the difference equation is
y[r] + yln — 1] — y[n = 2] = x[n] + 2x[n — 1] + x[n — 2]. (5.22)

Note that once the correspondence is well understood, it is possible to proceed directly
from Eq. (5.21) to Eq. (5.22) without the intervening algebra (and vice versa).

5.2.1 Stability and Causality

To obtain Eq. (5.18) from Eq. (5.16), we assumed that the system was linear and time
invariant, so that Eq. (5.2) applied, but we made no further assumption about stability or
causality. Correspondingly, from the difference equation, we can obtain the algebraic
expression for the system function, but not the region of convergence. Specifically,
the region of convergence of H(z) is not determined from the derivation leading to
Eq. (5.18), since all that is required for Eq. (5.17) to hold is that X(z) and Y (x) have
overlapping regions of convergence. This is consistent with the fact that, as we saw in
Chapter 2, the difference equation does not uniquely specify the impulse response of a
linear time-invariant system. For the system function of Eq. (5.18) or (5.19), there are a
number of choices for the region of convergence. For a given ratio of polynomials, each
possible choice for the region of convergence will lead to a different impulse response,
but they will all correspond to the same difference equation. However, if we assume that
the system is causal, it follows that h[n] must be a right-sided sequence, and therefore,
the region of convergence of H(z) must be outside the outermost pole. Alternatively, if
we assume that the system is stable, then, from the discussion in Section 2.4, the impulse
response must be absolutely summable, i.e.,

> Ikln) < oo. (5.23)

Since Eq. (5.23) is identical to the condition that

i |h[n)z™" < o0 (5.24)

n=——oo

for |z] = 1, the condition for stability is equivalent to the condition that the ROC of
H(z) include the unit circle.

Example 5.3 Determining the ROC

Consider the LTI system with input and output related through the difference equation

y[n] — 3y[n — 1]+ y[n — 2] = x[n]. (5.25)
From the previous discussions, H(z) is given by
1 1
H(z) = = (5.26)

1-3z7'4+2z2  (1-4z7)(1-2z71)
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Figure 5.4 Pole—zero plot for Example 5.3.

The pole—zero plot for H(z) is indicated in Figure 5.4. There are three possible choices
for the ROC. If the system is assumed to be causal, then the ROC is outside the
outermost pole, i.e., |z| > 2. In this case the system will not be stable, since the ROC
does not include the unit circle, If we assume that the system is stable, then the ROC
will be % < |z| < 2. For the third possible choice of ROC, [z} < %, the system will be
neither stable nor causal.

As Example 5.3 suggests, causality and stability are not necessarily compatible require-
ments. In order for a linear time-invariant system whose input and output satisfy a
difference equation of the form of Eq. (5.16) to be both causal and stable, the ROC of
the corresponding system function must be outside the outermost pole and include the
unit circle. Clearly, this requires that all the poles of the system function be inside the
unit circle. '

5.2.2 Inverse Systems

For a given linear time-invariant system with system function H(z), the corresponding
inverse system is defined to be the system with system function H;(z) such that if it is
cascaded with H(z), the overall effective system function is unity; i.e.,

G(z) = H(2)Hi(2) = 1. (5.27)
This implies that
1
Hi(z) = ——. 5.28
(2) HQ@) (5.28)
' The time-domain condition equivalent to Eq. (5.27) is
g[n) = h[n] * hi[n] = 8[n]. (5.29)
From Eq. (5.28), the frequency response of the inverse system, if it exists, is
, 1
Hi(e'*) = (5.30)

H(e®)’
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i.e., H;(e/®) is the reciprocal of H(e/*). Equivalently, the log magnitude, phase, and
group delay of the inverse system are negatives of the corresponding functions for
the original system. Not all systems have an inverse. For example, the ideal lowpass
filter does not. There is no way to recover the frequency components above the cutoff
frequency that are set to zero by such a filter.

Many systems do have inverses, and the class of systems with rational system
functions provides a very useful and interesting example. Specifically, consider

M
(1-cxz™)
H(z)=(@)"13 - : (5.31)
* I - de
k=1

with zeros at z = ¢, and poles at z = d, in addition to possible zeros and/or poles at
z=0and z = cc. Then

N
H(l — dkz’l)
Hi(2) = (“_0) = : (5.32)
bo ~
H(l —CckZ )
k=1

i.e., the poles of H;(z) are the zeros of H(z) and vice versa. The question arises as to what
region of convergence to associate with H;(z). The answer is provided by the convolu-
tion theorem, expressed in this case by Eq. (5.29). For Eq. (5.29) to hold, the regions of
convergence of H(z)and H;(z) must overlap. If H(z)is causal, its region of convergence
is

1z] > max |d|. (5.33)
Thus, any appropriate region of convergence for H;(z) that overlaps with the region
specified by Eq. (5.33) is a valid region of convergence for H;(z). Some simple examples

will illustrate some of the possibilities.

Example 5.4 Inverse System for First-Order System

Let H(z) be
1-05z"1
H(z) 1-09z"1
with ROC |z| > 0.9. Then H;(z) is
1—0.9z"!
Hi(z) = ————
(=155,

Since H;(z) has only one pole, there are only two possibilities for its ROC, and
the only choice for the ROC of H;(z) that overlaps with |z] > 0.91is|z| > 0.5. Therefore,
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the impulse response of the inverse system is
hi[n] = (0.5)"u[n] — 0.9(0.5)" 'u[n —1].

In this case, the inverse system is both causal and stable.

Example 5.5 Inverse for System with a Zero in the ROC
Suppose that H(z) is

-1
77 —05
H(Z2)= ———, 0.9.
@=1—gg 1 1>
The inverse system function is

1-09z7"  -2+187"
z1-05 1-2z71

Hi(z) =

As before, there are two possible regions of convergence: |z] < 2 and |z| > 2.
In this case, however, both regions overlap with |z| > 0.9, so both are valid inverse
systems. The corresponding impulse response for an ROC |z| < 2is

hii[n] = 2(2)"u[—n — 1) — 1.8(2)" 1u[—n]
and, for an ROC |z| > 2, is
hia[n] = —2(2)"u[n] + 1.8(2)" 'ufn - 1].

We see that A, [n] is stable and noncausal, while A;5[n] is unstable and causal.

A generalization from Examples 5.4 and 5.5 is that if H(z) is a causal system with
zerosatcy, k= 1,..., M, then its inverse system will be causal if and only if we associate
the region of convergence,

lz| > m;?XICkI,

with H;(z). If we also require that the inverse system be stable, then the region of
convergence of H;(z) must include the unit circle. Therefore, it must be true that

ml?xlckl < 1

i.e., all the zeros of H(z) must be inside the unit circle. Thus, a linear time-invariant
system is stable and causal and also has a stable and causal inverse if and only if both
the poles and the zeros of H(z) are inside the unit circle. Such systems are referred to
as minimum-phase systems and will be discussed in more detail in Section 5.6.

5.2.3 Impulse Response for Rational System Functions

The discussion of the partial fraction expansion technique for finding inverse
z-transforms (Section 3.3.2) can be applied to the system function H(z) to obtain a
general expression for the impulse response of a system that has a rational system
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function as in Eq. (5.19). Recall that any rational function of z~! with only first-order
poles can be expressed in the form
M—N N A,
H(z) = Bz’ —_, 5.34

where the terms in the first summation would be obtained by long division of the denom-
inator into the numerator and would be present only if M > N. The coefficients A in
the second set of terms are obtained using Eq. (3.41). If H(z) has a multiple-order pole,
its partial fraction expansion would have the form of Eq. (3.44). If the system is assumed
to be causal, then the ROC is outside all of the poles in Eq. (5.34), and it follows that

M-N N
hln) =" Bdln—r)+ > Acdjuln), (5.35)
=0 k=1

where the first summation is included only if M > N.

In discussing LTI systems, it is useful to identify two classes. In the first class, at
least one nonzero pole of H(z) is not canceled by a zero. In this case there will be at least
one term of the form Ag(dy)"u[n], and h[r] will not be of finite length, i.e., will not be
zero outside a finite interval. Systems of this class are therefore called infinite impulse
response (1IR) systems. A simple IIR system is discussed in the following example.

Example 5.6 A First-Order IIR System
Consider a causal system whose input and output satisfy the difference equation
y[n] — ay[n — 1] = x[n]. (5.36)
The system function is (by inspection)

1

@ ==

(5.37)

$m z-plane

Unit circle

/|
N

& X

Figure 5.5 Pole-zero plot for Example 5.6.

Figure 5.5 shows the pole-zero plot of H(z). The region of convergence is |z] > |a|,
and the condition for stability is |a| < 1. The inverse z-transform of H(z) is

h[n] = a"u[n]. (5.38)
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For the second class of systems, H(z) has no poles except at z = 0;i.e., N =10
in Egs. (5.16) and (5.18). Thus, a partial fraction expansion is not possible, and H(z) is
simply a polynomial in z~! of the form

M
H(z)=) bz ™. (5.39)
k=0

(We assume, without loss of generality, that ag = 1.) In this case, H(z) is determined to
within a constant multiplier by its zeros. From Eq. (5.39), h[n] is seen by inspection to be

M
by, 0<n<M,
hin] = kz_;bka[n —H= {0, otherwise. (5:40)

In this case, the impulse response is finite in length; i.e., it is zero outside a finite interval.
Consequently, these systems are called finite impulse response (FIR) systems. Note that
for FIR systems, the difference equation of Eq. (5.16) is identical to the convolution
sum, i.e.,

yinl =" bexln — . (5.41)
k=0

Example 5.7 gives a simple example of an FIR system.

Example 5.7 A Simple FIR System

Consider an impulse response that is a truncation of the impulse respense of Exam-
ple 5.6:

a®, 0<n<M,
hin] = {O otherwise.

Then the system function is

M
- 1— aM+lz—M—1
H@) =) a'z"= e (542)
n=0
Since the zeros of the numerator are at
Zi = aeltTK/(M+D) k=0,1,..., M, (5.43)

where a is assumed real and positive, the pole at z = a is canceled by a zero. The
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pole-zero plot for the case M = 7 is shown in Figure 5.6.
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Figure 5.6 Pole—zero plot for Example 5.7.

The difference equation satisfied by the input and output of the linear time-
invariant system is the discrete convolution

M
yin) =" a*x[n - &]. (5.44)
k=0

However, Eq. (5.42) suggests that the input and output also satisfy the difference
equation

yln] — ay[n — 1] = x[n] — a™*x[n — M - 1]. (5.45)

These two equivalent difference equations result from the two equivalent forms of
H(z) in Eq. (5.42).

5.3 FREQUENCY RESPONSE FOR RATIONAL SYSTEM
FUNCTIONS

If a stable linear time-invariant system has a rational system function (i.e., if its input
and output satisfy a difference equation of the form of Eq. (5.16), then its frequency
response (the system function of Eq. (5.18) evaluated on the unit circle) has the form

M
§ ’ bke_j‘”k

H(elv)y = 20— (5.46)

E : ake—jwk
k=0

That is, H(e’®) is a ratio of polynomials in the variable e~/“. To determine the magni-
tude, phase, and group delay associated with the frequency response of such systems, it
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is useful to express H(e’*) in terms of the poles and zeros of H(z). Such an expression
results from substituting z = e/ into Eq. (5.19):

H(e'?) = (2_2) ";1 . (5.47)
[T — dee )
k=1

From Eq. (5.47), it follows that

M
H|1 — Cx€ ]wl

";‘ . (5.48)
H |1 - dke"""

k=1

| H(e)| =

Sometimes it is convenient to consider the magnitude squared, rather than the magni-
tude, of the system function. The magnitude-squared function is

|H(e!“)* = H(e/*)H" (e'®),

where * denotes complex conjugation, and for H(e/*) as in Eq. (5.47),

M
, H(l —cre @)1 - c,’:ej‘”)
| H(e!)|? = (ZZ i . (5.49)
[T - de™)(1 - dgei)
k=1

From Eq. (5.48), we see that | H(e/®)] is the product of the magnitudes of all the zero
factors of H(z) evaluated on the unit circle, divided by the product of the magnitudes of
all the pole factors evaluated on the unit circle. It is common practice to transform these
products into a corresponding sum of terms by considering 20 log,, | H(e/®)| instead of
| H(e’®)|. The logarithm of Eq. (5.48) is

20logyq | H(e/®)| = 20logy

b
—I-E 2010 1—(?61
0} glOi k |
(' )

— Z 20log, |1 — dpe™7?).
k=1

The function 20log,, | H(e’®)| is referred to as the log magnitude of H(e/®) and is
expressed in decibels (dB). Sometimes this quantity is called the gain in dB; i.e.,

Gain in dB = 201log,, | H(e/*)|. (5.51)
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Note that zero dB corresponds to a value of |H(e/®)| = 1, while |H(e/®){ = 107 is
20m dB. Also, | H(e/®)| = 2" is approximately 6m dB. When | H(e/*)| < 1, the quantity
201og,, | H(e/*)| is negative. This would be the case, for example, in the stopband of a
frequency-selective filter. It is common practice to define

Attenuation in dB = —201og,, | H(e’*)|

o (5.52)
= —Gain in dB.
The attenuation is therefore a positive number when the magnitude response is less
than unity. For example, a 60-dB attenuation at a given frequency «w means that at that
frequency | H(e/*)| = 0.001.
Another advantage to expressing the magnitude in decibels stems from Eq. (5.4a),
which, after taking logarithms of both sides, becomes

20log;, | Y (e/®)| = 201og,, | H(e’®)| 4 201og,, | X(e'*), (5.53)

so the frequency response in dB is added to the log magnitude of the input Fourier trans-

form to find the log magnitude of the output Fourier transform. If Eq. (5.53) replaces

Eq. (5.4a) in Egs. (5.4), then the effects of both magnitude and phase are additive.
The phase response for a rational system function has the form

Hiew) = < | 2 3 1 ey 1 — dye/® 5.54
<H(e )_<[a—o]+;<1[ — cke ]—kz_;q[ — dre1”]. (5.54)

As in Eq. (5.50), the zero factors contribute with a plus sign and the pole factors con-
tribute with a minus sign.
The corresponding group delay for a rational system function is

N

M
grd[ H(e/*)] = Z %(arg[l — dpe™?]) — Z %(arg[l —cre™’?)), (5.55)
k=1 k=1

where arg| ] represents the continuous phase. An equivalent expression is

(5.56)

N ; M .
jony |dil® — Re{dpe /) lekl? — Refcke™*)
grd[H(e )] N ; 1+ |dk|2 - Z’Re{dke‘f‘”} Z 1+ |Ck|2 — 2R€{Ck€_j‘”}.
In Eq. (5.54), as written, the phase of each of the terms is ambiguous; i.e., any integer
multiple of 27 can be added to each term at each value of w without changing the value
of the complex number. The expression for the group delay, on the other hand, involves
differentiating the continuous phase.
When the angle of a complex number is computed, with the use of an arctangent
subroutine on a calculator or with a computer system subroutine, the principal value is
obtained. The principal value of the phase of H(e/?) is denoted as ARG[H(e/*)], where

—7 < ARG[H(e/*)] < 7. (5.57)
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Any other angle that gives the correct complex value of the function H(e/?) can be
represented in terms of the principal value as

<H(e’®) = ARG[H(e/®)] + 27r(w), (5.58)

where r(w) is a positive or negative integer that can be different at each value of w.
Similarly, in calculating any of the individual terms in Eq. (5.54), we would typically
obtain the principal value.

If the principal value is used to compute the phase response as a function of w,
then ARG[H(e/®)] may be a discontinuous function. The discontinuities introduced
by taking the principal value will be jumps of 2 radians. This is illustrated in Fig-
ure 5.7(a), which shows a continuous-phase function arg[ H(e/*)] and its principal value
ARG[H(e’?)] plotted over the range 0 < w < . The phase function plotted in Fig-
ure 5.7(a) exceeds the range —n to +x. The principal value, shown in Figure 5.7(b),

arg[H(e/)]

(a)
ARG[H(e/®)]

TN~/
\ [

N

—TT —

(b)
r(w)

-1 Figure 5.7 (a) Continuous-phase

curve for a system function evaluated on

-2— the unit circle. (b) Principal value of the
phase curve in part (a). (c) Integer
multiples of 2 to be added to

(©) ARG[H (e/#)] to obtain arg[ H (¢/*)].
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has jumps of 27 due to the integer multiples of 27 that must be subtracted in certain
regions to bring the phase curve within the range of the principal value. Figure 5.7(c)
shows the corresponding value of r(w) in Eq. (5.58).

Let us consider Eq. (5.54) when the principal value is used to compute the indi-
vidual contributions to the phase. It is not difficult to see that

M
ARG[H(e/*)] = ARG[@} + 5" ARGl - cxe]
o k=1

(5.59)

N
—> ARG[l — dee™/*] + 2nr(w),
k=1

where r(w) is an integer that can be different at each value of w. The last term, +2nr,
is required because, in general, the principal value of a sum of angles is not equal to the
sum of the principal values of the individual angles. This is of considerable importance
in the theory of cepstral analysis and homomorphic systems. (See Oppenheim, Schafer,
and Stockham, 1968 and Tribolet, 1977.) However, it presents no problem in plotting
phase functions, since the principal value can be used to compute the phase function for
each pole and zero, and an appropriate multiple of 2 can then be added or subtracted
as in Eq. (5.59) to obtain the principal value of the total phase function.

The principal value of the phase function can be computed using Eq. (5.59).
Alternatively, we can use the relation

(5.60)

ARG[H(e/*)] = arctan[Hl(ejw)] :

HR(L’j“’)
where Hgr(e/®) and Hj(e/®) are the real and imaginary parts, respectively, of H(e/®).

However, in computing the group delay function of Eq. (5.15), it is the derivative of the
continuous phase function, i.e., arg[ H(e/*)], in which we are interested:

grd  H(e™)] = - {arg[H(e/*)]). (5.61)

Except at the discontinuities of ARG[H(e’?)] corresponding to jumps between +x
and —,

L (argl H(e ™)) = |ARG[H(e)]) (5.62)

Consequently, the group delay can be obtained from the principal value by differenti-
ating, except at the discontinuities. Similarly, we can express the group delay in terms
of the ambiguous phase <H(e/®) as

grd[H(e/®)] = —d—da—)[qH(e"“’)], (5.63)

with the interpretation that impulses caused by discontinuities of size 27 in <H(e’?)
are ignored.
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5.3.1 Frequency Response of a Single Zero or Pole

Equations (5.50), (5.54), and (5.56) represent the magnitude in dB, the phase, and the
group delay, respectively, as a sum of contributions from each of the poles and zeros of
the system function. To obtain further insight into the properties of frequency responses
of stable linear time-invariant systems with rational system functions, it is worthwhile
to first examine the properties of a single factor of the form (1 — re/?e=/?), where r is
the radius and 6 is the angle of the pole or zero in the z-plane. This factor is typical of
either a pole or a zero at a radius r and angle 6 in the z-plane.
The square of the magnitude of such a factor is

1—reffe/*? = (1 —refe /)1 —re%e/?) = 1412 —2r cos(w—6). (5.64)
Since, for any complex quantity C,
10log,, |C|* = 20log,, |CI,
the log magnitude in dB is
20log,, |1 — ree/?| = 10log,,[1 + #* — 27 cos(w — 8)]. (5.65)

The principal value phase for such a factor is

ARG[1 - re/’e™/*] = arctan

r sin(w — 6) } (5.66)

1 —rcos(w—0)

Differentiating the right-hand side of Eq. (5.66) (except at discontinuities) gives the
group delay of the factor as

2 2

re—rcos(w—0)  r°—rcos(w—0)
14r2—2rcos(w—0) |l —reife-iv2 "’

grd[1 — reffe=/*] = (5.67)

The functions in Eqs. (5.64)—(5.67) are, of course, periodic in w with period 2r. Fig-
ure 5.8(a) shows a plot of Eq. (5.65) as a function of @ over one period (0 < w < 27)
for several values of 8 with r = 0.9. Note that the function dips sharply in the vicinity of
w = 6. Note also, from Eq. (5.65), that when r is fixed, the log magnitude is a function
of (w — 8), so as 6 changes, the dip is shifted in frequency. In general, the maximum
value of Eq. (5.65) occurs at (w — 8) = 7 and is

10log,o(1 4 7> 4 2r) = 201log,,(1 + 1),

which, for r = 0.9, is equal to 5.57 dB. Similarly, the minimum value of Eq. (5.65),
occurring at w =6, is

101og,4(1 + 7% — 2r) = 20log,, |1 — 71,

which is equal to —20 dB for r = 0.9. Note that the plot of the magnitude-squared
function in Eq. (5.64) would look similar to Figure 5.8(a), except that it would have a
much wider relative range of values. Hence, its plot would appear much sharper for the
same value of r.
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Figure 5.8(b) shows the phase function in Eq. (5.66) as a function of w for 7 = 0.9
and several values of 6. Note that the phase is zero at w = # and that, for fixed r, the
function simply shifts with 6. Figure 5.8(c) shows the group delay function in Eq. (5.67)
for the same conditions on r and #. Note that the high positive slope of the phase around
w = @ corresponds to a large negative peak in the group delay function at w = 6.

A simple geometric construction is often very useful in approximate sketching of
frequency-response functions directly from the pole-zero plot. The procedure is based
on the facts that the frequency response corresponds to the system function evaluated
on the unit circle in the z-plane and that the complex value of each pole and zero factor
can be represented by a vector in the z-plane from the pole or zero to a point on the
unit circle. Let us first illustrate the procedure for a first-order system function of the
form

6
HiZ =1 -rez77Y) = gz_—z"ﬂ r<1. (5.68)
In Section 5.3.2, we will consider higher order examples. Such a factor has a pole at
z = 0 and a zero at z = re/?, as illustrated in Figure 5.9. Also indicated in this figure
are the vectors vy, v, and v; = v| — v, representing the complex numbers e/«, re/?,
and (e/® — re’/?), respectively. In terms of these vectors, the magnitude of the complex
number

elv — rei®

el
is the ratio of the magnitudes of the vectors v3 and vy, i.e.,

el® —rel?
elw

_ w3l

11 —reffeie| = =,
[vil

(5.69

Im z-plane

K Figure 5.9 z-plane vectors for a

first-order system function evaluated on
the unit circle, with r < 1.
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or, since |vi| = 1, Eq. (5.69) is just equal to |v3|. The corresponding phase is
1 —relfei®) = q(el® — rel?) — a(e/®) = a(vz) — <(v1)
=1 -p1=¢3 —w.

Typically, a vector such as v; from a zero to the unit circle is referred to as a zero vector,
and a vector from a pole to the unit circle is called a pole vector. Thus, the contribution
of asingle zero factor (1 —re’9z7!) to the magnitude function at frequency wis the length
of the zero vector v3 from the zero to the point z = e/® on the unit circle. The vector has
minimum length when w = 8. This accounts for the sharp dip in the magnitude function
at w = 0 in Figure 5.8(a). Note that the pole vector v; from the pole at z =0to z = e/*
always has unit length. Thus, it does not have any effect on the magnitude response.
Equation (5.70) states that the phase function is equal to the difference between the
angle of the zero vector from the zero at re’® to the point z = e/ and the angle of the
pole vector from the pole at z = 0 to the point z = e/%.

The pole-zero plot for the case & = = isshown in Figure 5.10, and the pole and zero
vectors are shown for two different values of w. Clearly, as w increases from zero, the
magnitude of the vector v; decreases until it reaches a minimum at « = m, thereby ac-
counting for the shape of the curve corresponding to @ = = in Figure 5.8(a). The angle of
vector vi in Figure 5.10 increases more slowly than w at first, so that the phase curve starts
out negative; then, when wis close to i, the angle of vector v3 increases more rapidly than
w, thereby accounting for the steep positive slope of the phase function around w = 7.
Note that when w = &, the angles of vectors v; and v; are equal, so the net phase is zero.

The dependence of the frequency-response contributions of a single factor
(1 —re/?e=/*) on the radius r is shown in Figure 5.11 for 8 = 7 and several values of r.
Note that the log magnitude function plotted in Figure 5.11(a) dips more sharply as r be-
comes closer to 1;indeed, the magnitude in dB approaches —oo at w = 6 asr approaches
1. The phase function plotted in Figure 5.11(b) has positive slope around & = 6, which
becomes infinite as r approaches 1. Thus, for = 1, the phase function is discontinuous,
with a jump of 7 radians at = 6. Away from @ = 6, the slope of the phase function is
negative. Since the group delay is the negative of the slope of the phase curve, the group

(5.70)

$m z-plane

w

U3 U1

u 3 \w

3
- Uy ¥ Re
Figure 5.10 z-plane vectors for a

first-order system function evaluated on

_ the unit circle, with6 ==, r < 1. The
pole vector vy and the zero vector v; are

shown for two different values of .
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Im z-plane

Unit circle

Re

Figure 5.12 Zz-plane vectors for a zero
at z = —1 for two different frequencies
closeton (w=m —eand 7 +¢).

delay is negative around « = #, and it dips sharply as r approaches 1. Figure 5.11(c)
shows that as we move away from w = 6, the group delay becomes positive and relatively
flat. When r = 1, the group delay is equal to % everywhere, except at w = 6, where it is
undefined.

The geometric construction for a zero on the unit circle at z = —1 is shown in
Figure 5.12. Indicated are vectors for two different frequencies, w = (m — ¢} and w =
(r + €), where ¢ is small. Two observations can be made. First, the length of the vector
v3 approaches zero as w approaches the angle of the zero vector (¢ — 0). Therefore,
the multiplicative contribution to the frequency response is zero (—oc dB). Second, the
vector vi changes its angle discontinuously by 7 radians as w goes from (77 —¢) to (7 +¢).

Figures 5.8 and 5.11 were restricted tor < 1. If r > 1, the log magnitude function
behaves similarly to the case r < 1;i.e., it dips more sharply as r — 1, as shown in
Figure 5.13(a). The phase function in Figure 5.13(b) shows a discontinuity of 27 radi-
ans at w = 6 for all values of r > 1. The source of this discontinuity can be seen from
Figure 5.14, which shows vectors for w = (m — ¢) and w = (7 + ¢). Note that the pole
vector v; has an angle of w, which varies continuously from @ = 0 to @ = 2. The angle
of the zero vector vs is labeled ¢ in the figure. If this angle i1s measured positively in the
counterclockwise direction, the figure shows that ¢3 jumps from zero to 27 radians as
 goes from (r — ¢} to (7 + ¢). This jump of 27 radians is evident in Figure 5.13(b). The
discontinuity of 27 radians can be interpreted as being due to computing the principal-
value phase function. The angle ¢3 can also be seen to be positive for w = (m — ¢) and
negative for w = (m + ¢). With this interpretation, the angle is continuous at w = 6.
However, since the total angle of the factor (1 — re/%e~/®) is less than —x radians at
w = (m + ¢), the principal value would appear as in Figure 5.13(b).
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$m z-plane

Unit circle

Figure 5.14 Zz-plane vectors fora
single zero evaluated on the unit circle,
withe ==, r > 1.

The phase curves in Figure 5.13(b) all have negative slope. Therefore, the group
delay function for r > 1 is positive for all w. This is also easily seen by considering
Eq. (5.67) forr > 1.

The preceding discussion and Figures 5.8, 5.11, and 5.13 all pertain to a single
factor of the form (1 —re/%¢~/*). If the factor represents a zero of H(z), then the curves
of Figures 5.8, 5.11, and 5.13 will contribute to the frequency-response functions with
positive algebraic sign. If the factor represents a pole of H(z), then all the contributions
will enter with opposite sign. Thus, the contribution of a pole z = re/? would be the
negative of the curves in Figures 5.8 and 5.11. Instead of dipping toward zero (—oo dB),
the magnitude function would peak around @ = 8. The dependence on r would be the
same as for a zero; i.e., the closer r is to 1, the more peaked will be the contribution to
the magnitude function. For stable and causal systems, there will, of course, be no poles
outside the unit circle; i.e., r will always be less than 1.

5.3.2 Examples with Multiple Poles and Zeros
In this section, we illustrate the use of the results of Section 5.3.1 to determine the
frequency response of systems with rational system functions.

Example 5.8 Second-Order lIR System

Consider the second-order system

1 1
(1 —ref®z-1)(1 —re—ifz-1) 1 —2rcosfz ! +r2z-2

H(z) = (5.71)

The difference equation satisfied by the input and output of the system is
yln] = 2r cosOy[n — 1] + r¥y[n — 2] = x[n].

Using the partial fraction expansion technique, we can show that the impulse response
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Im z-plane

Unit circle

Figure 5.15 Pole—zero plot for Example 5.8.

of a causal system with this system function is

rfsin[8(n + 1)]
Aln] = ————= . 5.72
e (5:72)
The system function in Eq. (5.71) has a pole at z = re/? and at the conjugate
location, z = re~ /%, and two zeros at z = 0. The pole—zero plot is shown in Figure 5.15.
From our discussion in Section 5.3.1,

20log,, | H(e/®)| = — 10logo[1 + r? — 2r cos(w — 8)]
(5.73a)
— 10logo[1 4 r? — 2r cos(w + 6)],
, rsin(w — 0) rsin(w + )
H(e/®) = — arct — arct , (5.73b
LH(™) arctan [l—rcos(w—e)] arctan [l—rcos(w+6) ( )
and
2 2
: - - - 9
erd[H(e/®)] = — r¢ —rcos(w —0) re —rcos(w+8) (5.73¢)

1472 —2rcos(w—6) 1+r2—2rcos(w+8)

These functions are plotted in Figure 5.16 for r = 0.9 and 8 = n /4.

Figure 5.15 shows the pole and zero vectors vy, v;, and v3. The magnitude re-
sponse is the product of the lengths of the zero vectors (which in this case are always
unity), divided by the product of the lengths of the pole vectors. That is,

I

|H(e!®)| = = :
( vil - v2l  [v1l] - vzl

(5.74)

When @ = 6, the length of the vector vi = ¢/® — re/? becomes small and changes
significantly as « varies about 6, while the length of the vector v; = /¢ — re/?
changes only slightly as @ varies around w = 8. Thus, the pole at angle 6 dominates
the frequency response around @ = 6, as is evident from Figure 5.16. By symmetry,
the pole at angle —6 dominates the frequency response around w = —6.
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Example 5.9 Second-Order FIR System
Consider an FIR system whose impulse response is
h[n] = 8[n] — 2r cos@8[n — 1] + r28[n — 2. (5.75)
The corresponding system function is
H(z)=1-2rcos0z ! +r2z72, (5.76)

which is the reciprocal of the system function in Example 5.8. Therefore, the frequency-
response plots for this FIR system are simply the negative of the plots in Figure 5.16.
Note that the pole and zero locations are interchanged in the reciprocal.

Example 5.10 Third-Order IIR System

In this example, we consider a lowpass filter designed using one of the approximation
methods to be described in Chapter 7. The system function to be considered is

0.05634(1 + z71)(1 — 1.01662" + z72)
(1 —0.683z-4)(1 — 1.4461z-1 4+ 0.7957z72)"

H(z) = (5.77)

and the system is specified to be stable. The zeros of this system function are at the
following locations:

Radius Angle
1 7 rad
1 +1.0376 rad (59.45°)

The poles are at the following locations:

Radius Angle
0.683 0
0.892 +0.6257 rad (35.85°)

The pole-zero plot for this system is shown in Figure 5.17. Figure 5.18 shows the

$m z-plane
Unit circle P

Re

Figure 5.17 Pole—zero plot for the lowpass filter of Example 5.10.
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log magnitude, phase, and group delay of the system. The effect of the zeros that
are on the unit circle at @ = +1.0376 and = is clearly evident. However, the poles
are placed so that, rather than peaking for frequencies close to their angles, the total
log magnitude remains close to 0 dB over a band from w = 0 to w = 0.27 (and,
by symmetry, from @ = 1.87 to w = 2x), and then it drops abruptly and remains
below —25 dB from about w = 0.37 to 1.77. As suggested by this example, useful
approximations to frequency-selective filter responses can be achieved using poles to
build up the magnitude response and zeros to suppress it.

In this example, we see both types of discontinuities in the plotted phase curve.
At w = 0227, there is a discontinuity of 27 due to the use of the principal value in
plotting. At w = +1.0376 and w = n, the discontinuities of 7 are due to the zeros on
the unit circle.

5.4 RELATIONSHIP BETWEEN MAGNITUDE AND PHASE

The frequency response of a linear time-invariant system is the Fourier transform of the
impulse response. In general, knowledge about the magnitude provides no information
about the phase, and vice versa. However, for systems described by linear constant-
coefficient difference equations, i.e., rational system functions, there is some constraint
between magnitude and phase. In particular, as we discuss in this section, if the magni-
tude of the frequency response and the number of poles and zeros are known, then there
are only a finite number of choices for the associated phase. Similarly, if the number of
poles and zeros and the phase are known, then, to within a scale factor, there are only
a finite number of choices for the magnitude. Furthermore, under a constraint referred
to as minimum phase, the frequency-response magnitude specifies the phase uniquely,
and the frequency-response phase specifies the magnitude to within a scale factor.

To explore the possible choices of system function, given the square of the mag-
nitude of the system frequency response, we consider | H(e’*)|? expressed as

|H(e/*)* = H(e/*)H*(e'*)

(5.78)
= H(}H*(1/2" )z
Restricting the system function H(z) to be rational in the form of Eq. (5.19), i.e.,
M
5 H(l — iz 1)
H(z) = (—0) = , (5.79)
a9
[Ta-a&zh
k=1
we see that H*(1/z*) in Eq. (5.78) is
M
1 [ -2
H* (—> = (@) A=l (5.80)
z* ag
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where we have assumed that @y and by are real. Therefore, Eq. (5.78) states that the
square of the magnitude of the frequency response is the evaluation on the unit circle
of the z-transform

C(z) = H(z)H*(1/z") (5.81)

M
, [0 = e ~cf2)

_ (?9) k=l , (5.82)
ao
(1—diz (1 —d}2)
k

—=

Il

If we are given | H(e/®)|?, then by replacing e/ by z, we can construct C(z). From C(z),
we would like to infer as much as possible about H(z). We first note that for each pole di
of H(z), there is a pole of C(z) at dy and (d;?)~'. Similarly, for each zero ¢, of H(z), there
is a zero of C(z) at ¢, and (c;)~!. Consequently, the poles and zeros of C(z) occur in con-
jugate reciprocal pairs, with one element of each pair associated with H(z) and one ele-
ment of each pair associated with H*(1/z*). Furthermore, if one element of each pair is
inside the unit circle, then the other (i.e., the conjugate reciprocal) will be outside the unit
circle. The only other alternative is for both to be on the unit circle in the same location.
If H(z) is assumed to correspond to a causal, stable system, then all its poles must
lie inside the unit circle. With this constraint, the poles of H(z) can be identified from the
poles of C(z). However, with this constraint alone, the zeros of H(z) cannot be uniquely
identified from the zeros of C(z). This can be seen from the following example.

Example 5.11 Systems with the Same ({(z)

Consider two stable systems with system functions

21 —z7HY(1 +0.5z7h

H = - -
1(2) (1 —0.8e/7/4z=1)(1 — 0.8e—Jn/4z-1)

(5.83)

and
a- z“)(l + 22")
(1 -0.8e/7/4z-1)(1 ~ 0.8e—i7/4z-1)’

H(z) = (5.84)

The pole—zero plots for these systems are shown in Figures 5.19(a) and 5.19(b),
respectively.
Now,

Ci(z) = Hi(9)Hy (1/z%)

B 2(1 = z7H(1 +0.52712(1 — z)(1 + 0.52) (5.85)
= 1— ().86'1”/42‘1)(1 — 0‘8e—fﬂ/4z41)(1 _ O_SE-J‘n/4Z)(1 — O_Sejﬂ/4z)

and

Ci(z) = Hy(z)Hy(1/z*)

_ (1 - 271 +227")(1 = 2)(1 + 22) (5.86)
T (1-08e/m/4z71)(1 — 0.8 /1/4z-1)(1 — 0.8 im/4Z)(1 — 0.8ei7/4z)’
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Figure5.19 Pole—zero plots for two system functions and their common magnitude-
squared function. (a) H{(2). (b) H2(2). (c) C1(2), C2(2).

Using the fact that
41 +05z7 1)1 4052) = (1 +2z271)(1 + 22), (5.87)

we see that C1(z) = C,(z). The pole-zero plot for C;(z) and C,(z) is shown in Fig-
ure 5.19(c).

The system functions H,(z) and H,(z)in Example 5.11 differ only in the location of
the zeros. In the example, the factor 2(1 4 0.5z7!) = (z7! + 2) contributes the same to
the square of the magnitude of the frequency response as the factor (1 + 2z7!), and
consequently, | H(e/“)| and | H2(e’?)| are equal. However, the phase functions for these
two frequency responses are different.
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Suppose we are given the pole—zero plot for C(z) in Figure 5.20 and want to determine
the poles and zeros to associate with H(z). The conjugate reciprocal pairs of poles and
zeros for which one element of each is associated with H(z) and one with H*(1/z*)

are as follows:
Pole pair 1 :
Pole pair 2 :
Pole pair 3 :
Zero pair 1 :
Zero pair 2 :
Zero pair 3 :

(P, Pa)
(P2, Ps)
(P3, Pe)
(Z1, Z4)
(Z2, Zs)
(Z3, Z)

Knowing that H(z) corresponds to a stable, causal system, we must choose the poles
from each pair that are inside the unit circle, i.e., Py, P>, and P3. No such constraint is
imposed on the zeros. However, if we assume that the coefficients a; and by are real
in Egs. (5.16) and (5.18), the zeros (and poles) either are real or occur in complex
conjugate pairs. Consequently, the zeros to associate with H(z) are

Z3 or Zsg
and
(Zl, Zz) or (24, Zs)
01z, Im
Unlt Circle xp4
0z X P
P6 \Ps z Re
Oz, Xp
XPps
8] Zs

Figure 5.20 Pole—zero plot for the magnitude-squared function in Example 5.12,

Therefore, there are a total of four different stable, causal systems with three poles
and three zeros for which the pole—zero plot of C(z) is that shown in Figure 5.20 and,
equivalently, for which the frequency-response magnitude is the same. If we had not
assumed that the coefficients a; and b, were real, the number of choices would be
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greater. Furthermore, if the number of poles and zeros of H(z) were not restricted,
the number of choices for H(z) would be unlimited. To see this, assume that H(z) has
a factor of the form

Z_l—a

1—az7 V7

*

1.e.,

—1 *

H@D) = Hi(@)y—

. 5.88
az™l (5.88)

Factors of this form are referred to as all-pass factors, since they have unity magnitude
on the unit circle; they are discussed in more detail in Section 5.5. It is easily verified
that

C(2)= H()H*(1/z") = Hi(H{ (1/7"); (5.89)

i.e., all-pass factors cancel in C(z) and therefore would not be identifiable from the
pole-zero plot of C(z). Consequently, if the number of poles and zeros of H(z) is
unspecified, then, given C(z), any choice for H(z) can be cascaded with an arbitrary
number of all-pass factors with poles inside the unit circle (i.e., |a| < 1).

5.5 ALL-PASS SYSTEMS

As indicated in the discussion of Example 5.12, a stable system function of the form

—l_a*

z

H, = — .
P =T (5.90)
has a frequency-response magnitude that is independent of w. This can be seen by

writing H,,(e’*) in the form
. e/ —a*
joy — —c
Haple’™) = 1 —aeJe

(5.91)
= —Jjw _—
¢ 1—ae/®
In Eq. (5.91), the term e~/* has unity magnitude, and the remaining numerator and
denominator factors are complex conjugates of each other and therefore have the same
magnitude. Consequently, | H.p(e/“)| = 1. A system for which the frequency-response
magnitude is a constant is called an all-pass system, since the system passes all of the
frequency components of its input with constant gain or attenuation. The most general
form for the system function of an all-pass system with a real-valued impulse response
is a product of factors like Eq. (5.90), with complex poles being paired with their con-
jugates; i.e.,

i) = AT] o [ e = e (5.92)
e T dee S (e (A — i) .

where Ais a positive constant and the dy’s are the real poles, and the e;’s the complex
poles, of H,,(z). For causal and stable all-pass systems, |di| < 1 and |ex| < 1. In terms
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$m

Unit

: z-plane
circle

2 Qe

Figure 5.21 Typical pole~zero plot for
an all-pass system.

of our general notation for system functions, all-pass systems have M = N =2M .+ M,
poles and zeros. Figure 5.21 shows a typical pole-zero plot for an all-pass system. In
this case M, =2 and M. = 1. Note that each pole of H,,(z) is paired with a conjugate
reciprocal zero.

The frequency response for a general all-pass system can be expressed in terms of
the frequency responses of first-order all-pass systems like that specified in Eq. (5.90).
For a causal all-pass system, each of these terms consists of a single pole inside the
unit circle and a zero at the conjugate reciprocal location. The magnitude response for
such a term is, as we have shown, unity. Thus, the log magnitude in dB is zero. With a
expressed in polar form as a = re’?, the phase function for Eq. (5.90) is

(5.93)

1 —relfeiw

e 1o —rel?
[ 1—rcos(w—0)

| = -0~ 2arctan| 202D ],

Likewise, the phase of a second-order all-pass system with poles at z = re/¥ and z =
re /% is

- [ (/¥ —re %) (e /¥ — rel?)

r sin(w — 6)
(1 —reife—io}(1 — re—iBe—fcu)} =2w-2 arctan{ ]

1 —rcos(w—0)
(5.94)

i 6
=2 arctan[ rsin( + 6) J

1 —rcos(w+ 6)

Example 5.13 First- and Second-Order All-Pass Systems

Figure 5.22 shows plots of the log magnitude, phase, and group delay for two first-
order all-pass systems, one with a real pole at z = 0.9 (8 = 0,r = 0.9) and another
with a pole at z = —0.9 (¢ = n, r = 0.9}. For both systems, the radii of the poles are
r = 0.9. Likewise, Figure 5.23 shows the same functions for a second-order all-pass
system with poles at z = 0.9¢/7/4 and z = 0.9¢~/7/4,
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Figure 5.22 Frequency response for all-pass filters with real poles at z = 0.9
(solid line) and z = —0.9 (dashed line). (a) Log magnitude. (b) Phase (principal
value). (c) Group delay.
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Figure 5.23 Frequency response of second-order all-pass system with poles at
z=0.9¢*/7/4_(a) Log magnitude. (b) Phase (principal value). (c) Group delay.
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Example 5.13 illustrates a general property of causal all-pass systems. In Fig-
ure 5.22(b), we see that the phase is nonpositive for 0 < w < =#. Similarly, in Fig-
ure 5.23(b), if the discontinuity of 27 resulting from the computation of the principal
value is removed, the resulting continuous-phase curve is nonpositive for 0 < o < 7.
Since the more general all-pass system given by Eq. (5.92) is just a product of such first-
and second-order factors, we can conclude that the (continuous) phase, arg[ Hyp(e/“)],
of a causal all-pass system is always nonpositive for 0 < @ < m. This may not appear to
be true if the principal value is plotted, as is illustrated in Figure 5.24, which shows the
log magnitude, phase, and group delay for an all-pass system with poles and zeros as in
Figure 5.21. However, we can establish this result by first considering the group delay.

The group delay of the simple one-pole all-pass system of Eq. (5.90) is the negative
derivative of the phase given by Eq. (5.93). With a small amount of algebra, it can be

shown that
grd{e_jw —re /? 1—r2 1—¢2

1- ref"e—/“’} T 1+ -2 cos(w — 0) - 11 —reffe-je|2’

(5.95)

Since r < 1 for a stable and causal all-pass system, from Eq. (5.95) the group delay
contributed by a single causal all-pass factor is always positive. Since the group delay of
a higher order all-pass system will be a sum of positive terms, as in Eq. (5.95), it is true
in general that the group delay of a causal rational all-pass system is always positive.
This is confirmed by Figures 5.22(c), 5.23(¢c), and 5.24(c), which show the group delay
for first-order, second-order, and third-order all-pass systems, respectively.

The positivity of the group delay of a causal all-pass system is the basis for a simple
proof of the negativity of the phase of such a system. First, note that

arg[ Hap(/®)] = — j " g1d[ Hap(/))de + arg] Hup(e™*)] (5.96)

for 0 < w < . From Eq. (5.92), it follows that

Hop(e'®) = AH — H I — el A (5.97)

1 — E’kl2

Therefore, arg[ Hap(e/)] = 0, and since
grd[Hap(e’'*)] > 0, (5.98)
it follows from Eq. (5.96) that
arg[Hap(e’*)] < 0 forO0 <w < m. (5.99)

The positivity of the group delay and the nonpositivity of the continuous phase are
important properties of causal all-pass systems.

All-pass systems have many uses. They can be used as compensators for phase (or
group delay) distortion, as we will see in Chapter 7, and they are useful in the theory
of minimum-phase systems, as we will see in Section 5.6. They are also useful in trans-
forming frequency-selective lowpass filters into other frequency-selective forms and in
obtaining variable-cutoff frequency-selective filters. These applications are discussed
in Chapter 7 and applied in the problems in that chapter.
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5.6 MINIMUM-PHASE SYSTEMS

In Section 5.4, we showed that the frequency-response magnitude for an LTT system
with rational system function does not uniquely characterize the system. If the system is
stable and causal, the poles must be inside the unit circle, but stability and causality place
no such restriction on the zeros. For certain classes of problems, it is useful to impose
the additional restriction that the inverse system (one with system function 1/ H(z))
also be stable and causal. As discussed in Section 5.2.2, this then restricts the zeros, as
well as the poles, to be inside the unit circle, since the poles of 1/ H(z) are the zeros of
H(z). Such systems are commonly referred to as minimum-phase systems. The name
minimum-phase comes from a property of the phase response, which is not obvious
from the preceding definition. This and other fundamental properties that we discuss
are unique to this class of systems, and therefore, any one of them could be taken as
the definition of the class. These properties are developed in Section 5.6.3.

If we are given a magnitude-squared function in the form of Eq. (5.82) and we
know that the system is a minimum-phase system, then H(z) is uniquely determined
and will consist of all the poles and zeros of C(z) = H(z) H*(1/z*) that lie inside the
unit circle.! This approach is often followed in filter design when only the magnitude
response is determined by the design method used. (See Chapter 7.)

5.6.1 Minimum-Phase and All-Pass Decomposition

In Section 5.4 we showed that, from the square of the magnitude of the frequency re-
sponse alone, we could not uniquely determine the system function H(z), since any
choice that had the given frequency-response magnitude could be cascaded with arbi-
trary all-pass factors without affecting the magnitude. A related observation is that any
rational system function? can be expressed as

H(2) = Huin(2) Hap(2), (5.100)

where Hpyin(z) is @ minimum-phase system and H,p(2) is an all-pass system.

To show this, suppose that H(z) has one zero outside the unit circle at z = 1/c*,
where [c| < 1, and the remaining poles and zeros are inside the unit circle. Then H(z)
can be expressed as

H(z) = Hi(2)(z' = ¢”), (5.101)
where, by definition, H;(z) is minimum phase. An equivalent expression for H(z) is
| Z—l —c*
H(z) = Hi(9)(1 — ¢z ) o——=. (5.102)
1—cz

Since |c| < 1, the factor H(z)(1 —cz~!) also is minimum phase, and it differs from H(z)
only in that the zero of H(z) that was outside the unit circle at z = 1/c* isreflected inside

We have assumed that C(z) has no poles or zeros on the unit circle. Strictly speaking, systems with
poles on the unit circle are unstable and are generally to be avoided in practice. Zeros on the unit circle,
however, often occur in practical filter designs. By our definition, such systems are nonminimum phase, but
many of the properties of minimum-phase systems hold even in this case.

2Somewhat for convenience, we will restrict the discussion to stable, causal systemns, although the
observation applies more generally.
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the unit circle to the conjugate reciprocal location z = ¢. The term (z7! —¢*)/(1 —cz7!)
is all-pass. This example can be generalized in a straightforward way to include more
zeros outside the unit circle, thereby showing that, in general, any system function can
be expressed as

H(z) = Huin(2) Hap(2), (5.103)

where Hpin(2) contains the poles and zeros of H(z) that lie inside the unit circle, plus
zeros that are the conjugate reciprocals of the zeros of H(z) that lie outside the unit
circle. H,p(z) is comprised of all the zeros of H(z) that lie outside the unit circle, together
with poles to cancel the reflected conjugate reciprocal zeros in Hyin(2).

Using Eq. (5.103), we can form a nonminimum-phase system from a minimum-
phase system by reflecting one or more zeros lying inside the unit circle to their conjugate
reciprocal locations outside the unit circle, or, conversely, we can form a minimum-
phase system from a nonminimum-phase system by reflecting all the zeros lying outside
the unit circle to their conjugate reciprocal locations inside. In either case, both the
minimum-phase and the nonminimum-phase systems will have the same frequency-
response magnitude.

Example 5.14 Minimum-Phase/All-Pass Decomposition

Toillustrate the decomposition of a stable, causal systeminto the cascade of a minimum-
phase and an all-pass system, consider the two stable, causal systems specified by the
system functions

1+3z7!
Hl (Z) = g———l—l)
1+ 5z~
and
(1 + %e+jn/4z—l) (1 + %e-j”/4z_1)
Hx(z) = i
(1-327")
The first system function, H;(z), has a pole inside the unit circle at z = —%, but
a zero outside at z = —3. We will need to choose the appropriate all-pass system to
reflect this zero inside the unit circle. From Eq. (5.101), we have ¢ = —%. Therefore,

from Egs. (5.102) and (5.103), the all-pass component will be
11

LAl

Hyp(z) = ——2,
ap( ) 1+ %Z_l

and the minimum-phase component will be

1+t

1+ 1270

T+3iz70\/ 7 +1
H1(Z) =1{3 f 1 1 _31 .
1—{-'2'2 1+§Z

Hmin(z) =3

ie.,
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The second system function, H>(z), has two complex zeros outside the unit circle
and a real pole inside. We can express H(z) in the form of Eq. (5.101) by factoring
3e/7/4 and 3e~/*/* out of the numerator terms to get

(Z_l + %e—jn/4)(z—1 + %ejzr/4)

1,41
1 32

() =,

Factoring as in Eq. (5.102) yields

Hy(z) = [Z (1 + %e—fﬂmz_l) (1 + %efﬂ/4z—1) 7

1- %z‘l

(& + 3 (7 + et ]
(14 Ze-in/az1) (1 + Zein/dz-1)

The first term in square brackets is a minimum-phase system, while the second
term is an all-pass system.

5.6.2 Frequency-Response Compensation

In many signal-processing contexts, a signal has been distorted by an LTI system with an
undesirable frequency response. It may then be of interest to process the distorted signal
with a compensating system, as indicated in Figure 5.25. This situation may arise, for
example, in transmitting signals over acommunication channel. If perfect compensation
is achieved, then s.[n] = s[n], i.e., H.(2) is the inverse of H;(z). However, if we assume
that the distorting system is stable and causal and require the compensating system to
be stable and causal, then perfect compensation is possible only if H;(z) is a minimum-
phase system, so that it has a stable, causal inverse.

Based on the previous discussions, assuming that H;(z) is known or approximated
as a rational system function, we can form a minimum-phase system H;nmin(z) by reflect-
ing all the zeros of H,(z) that are outside the unit circle to their conjugate reciprocal
locations inside the unit circle. H;(z) and Hgmin(z) have the same frequency-response
magnitude and are related through an all-pass system Hap(2), i.e.,

Hy(2) = Hymin(2) Hap(2)- (5.104)
G(2)
- T T T T T T I
: Distorting Compensating :
Lyl  system > system —IL—;—
S[n] I Hd(Z) Sa'[n] HC(Z) I sc[n]
| I

Figure 5.25 lllustration of distortion
b o ! compensation by linear filtering.
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Choosing the compensating filter to be

1
H(z) = ———, 5.105
( ) Ha‘ min(Z) ( )
we find that the overall system function relating s[n] and s.[n] is
G(z) = Ha(2)He(2) = Hap(2); (5.106)

i.e., G(z) corresponds to an all-pass system. Consequently, the frequency-response mag-

nitude is exactly compensated for, while the phase response is modified to < H,p(e/*).
The following example illustrates compensation of the frequency response mag-

nitude when the system to be compensated for is a nonminimum-phase FIR system.

Example 5.15 Compensation of an FIR System

Consider the distorting system function to be

Hi(z) = (1 — 0.9¢/067 7-1)(1 — 0.9¢= 1067 ;—1)
(5.107)
x (1 — 1.25¢7987z71)(1 — 1.25¢=1087 7~ 1),

The pole—zero plot is shown in Figure 5.26. Since H;(z) has only zeros (all poles are
at z = 0), it follows that the system has a finite-duration impulse response. Therefore
the system is stable; and since Hy(z) is a polynomial with only negative powers of z,
the system is causal. However, since two of the zeros are outside the unit circle, the
system is nonminimum phase. Figure 5.27 shows the log magnitude, phase, and group
delay for H,(e/®).

Im
Unit
circle z-plane
o)
o]
Fourth- Re
order
o pole
o

Figure 5.26 Pole—zero plot of FIR system in Example 5.15.
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Figure 5.27 Frequency response for FIR system with pole-zero plot in
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Figure 5.28 Frequency response for minimum-phase system in Example 5.15,
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Figure 5.29 Frequency response of all-pass system of Example 5.15. (The sum of
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The corresponding minimum-phase system is obtained by reflecting the zeros
that occur at z = 1.25¢%/087 o their conjugate reciprocal locations inside the unit
circle. If we express Hy(z) as

Hd(Z) — (1 _ 0.96j0.6nzfl)(1 _ 0_96—[0.6712—1)(1.25)2

, . (5.108)
x (z71 — 0.8(—;"10‘8”)(z‘l — 0.8¢/087),
then
Hnin(2) = (1.25)2(1 — 0.9¢/067 771)(1 — 0.9¢7 /067 .~ 1
_ . (5.109)
x (1 — 0.8 /087 2=1y(1 — 0.8e/0%7 71y,
and the all-pass system that relates Hpin(2) and Hy(2) is
-1 _ 0.8 —jO.871 -1 —08 FLIX 3 ¢
Hap(2) = 2 e T )z e ) (5.110)

(1 — 0.8¢/087 7=T)(1 — (0.8 1087 z 1)

The log magnitude, phase, and group delay of Hpy,(e/®) are shown in Figure 5.28.
Figures 5.27(a) and 5.28(a) are, of course, identical. The log magnitude, phase, and
group delay for H,p(e’*) are plotted in Figure 5.29.

Note that the inverse system for Hy(z) would have poles at z = 1.25¢*/*87 and
at z = 0.9¢*/%67 and thus, the causal inverse would be unstable. The minimum-phase
inverse would be the reciprocal of Hpn(2), as given by Eq. (5.109), and if this inverse
were used in the cascade system of Figure 5.25, the overall effective system function
would be Ha,(z), as given in Eq. (5.110).

5.6.3 Properties of Minimum-Phase Systems

We have been using the term “minimum phase” to refer to systems that are causal
and stable and that have a causal and stable inverse. This choice of name is motivated
by a property of the phase function that, while not obvious, follows from our chosen
definition. In this section, we develop a number of interesting and important properties
of minimum-phase systems relative to all other systems that have the same frequency-
response magnitude.

The Minimum Phase-Lag Property

The use of the terminology “minimum phase” as a descriptive name for a system having
all its poles and zeros inside the unit circle is suggested by Example 5.15. Recall that, as a
consequence of Eq. (5.100), the continuous phase, i.e., arg[ H(e¢’*)], of any nonminimum-
phase system can be expressed as

arg[ H(e’*)] = arg[ Hmin(e/*)] + arg[ Hap(e’?)]. (5.111)

Therefore, the continuous phase that would correspond to the principal-value phase
of Figure 5.27(b) is the sum of the continuous phase associated with the minimum-
phase function of Figure 5.28(b) and the continuous phase of the all-pass system asso-
ciated with the principal-value phase shown in Figure 5.29(b). As was shown in Sec-
tion 5.5, and as indicated by the principal-value phase curves of Figures 5.22(b), 5.23(b),
5.24(b), and 5.29(b), the continuous-phase curve of an all-pass system is negative for
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0 < w < w. Thus, the reflection of zeros of Hpy(z) from inside the unit circle to conju-
gate reciprocal locations outside always decreases the (continuous) phase or increases
the negative of the phase, which is called the phase-lag function. Hence, the causal,
stable system that has | Hpi,(e’?)| as its magnitude response and also has all its zeros
(and, of course, poles) inside the unit circle has the minimum phase-lag function (for
0 < w < ) of all the systems having that same magnitude response. Therefore, a more
precise terminology is minimum phase-lag system, but minimum phase is historically
the established terminology.

To make the interpretation of minimum phase-lag systems more precise, it is
necessary to impose the additional constraint that H(e/®) be positive at w = 0, i.e.,

H(e!%) = f: h[n] > 0. (5.112)

n=-—00

Note that H(e/%) will be real if we restrict #[n] to be real. The condition of Eq. (5.112) is
necessary because a system with impulse response —k[n] has the same poles and zeros
for its system function as a system with impulse response k[n]. However, multiplying by
—1 would alter the phase by 7 radians. Thus, to remove this ambiguity, we must impose
the condition of Eq. (5.112) to ensure that a system with all its poles and zeros inside the
unit circle also has the minimum phase-lag property. However, this constraint is often
of little significance, and our definition at the beginning of Section 5.6, which does not
include it, is the generally accepted definition of the class of minimum-phase systems.

The Minimum Group-Delay Property

Example 5.15 illustrates another property of systems whose poles and zeros are all
inside the unit circle. First note that the group delay for the systems that have the same
magnitude response is

grd[H(e/*)] = grd[ Huin(e’*)] + grd[ Hup(e*)]. (5.113)

The group delay for the minimum-phase system shown in Figure 5.28(c) is always less
than the group delay for the nonminimum-phase system shown in Figure 5.27(c). This is
because, as Figure 5.29(c) shows, the all-pass system that converts the minimum-phase
system into the nonminimum-phase system has a positive group delay. In Section 5.5, we
showed this to be a general property of all-pass systems; they always have positive group
delay for all w. Thus, if we again consider all the systems that have a given magnitude
response | Hyin(e/%)|, the one that has all its poles and zeros inside the unit circle has the
minimum group delay. An equally appropriate name for such systems would therefore
be minimum group-delay systems, but this terminology is not generally used.

The Minimum Energy-Delay Property

In Example 5.15, there are a total of four causal FIR systems with real impulse responses
that have the same frequency-response magnitude as the system in Eq. (5.107). The
associated pole-zero plots are shown in Figure 5.30, where Figure 5.30(d) corresponds
to Eq. (5.107) and Figure 5.30(a) to the minimum-phase system of Eq. (5.109). The
impulse responses for these four cases are plotted in Figure 5.31. If we compare the
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four sequences in this figure, we observe that the minimum-phase sequence appears to
have larger samples at its left-hand end than do all the other sequences. Indeed, it is
true for this example and, in general, that

|A[0]] < |Amin[O]| (5.114)
for any causal, stable sequence A[n] for which
|H(e’) = | Hrmin(e/)). (5.115)
A proof of this property is suggested in Problem 5.65.

All the impulse responses whose frequency-response magnitude is equal to
| Hnin(e/®)| have the same total energy as Amin[#], since, by Parseval’s theorem,

ad 1 /7 o 1 /[ :
> Iha[n) = — f |H(e/Ydw = = [ |Huin(e’*)|Pdw
= 2n J_,

2r J_,
_ (5.116)
= Z |hrnin[n]|2-
n=0
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Figure 5.31 Sequences corresponding
to the pole-zero plots of Figure 5.30.

If we define the partial energy of the impulse response as

n

E[n] = |h[m]?, (5.117)

m=0

then it can be shown that (see Problem 5.66)

> 1hlm]? <> hmin[m] (5.118)
m=0 m=0
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for all impulse responses h[n] belonging to the family of systems that have magni-
tude response given by Eq. (5.115). According to Eq. (5.118), the partial energy of
the minimum-phase system is most concentrated around n = 0; i.e., the energy of the
minimum-phase system is delayed the least of all systems having the same magnitude
response function. For this reason, minimum-phase (lag) systems are also called min-
imum energy-delay systems, or simply, minimum-delay systems. This delay property is
illustrated by Figure 5.32, which shows plots of the partial energy for the four sequences
in Figure 5.31. We note for this example, and it is true in general, that the minimum
energy delay occurs for the system that has all its zeros inside the unit circle (i.e., the
minimum-phase system) and the maximum energy delay occurs for the system that has
all its zeros outside the unit circle. Maximum energy-delay systems are also often called
maximum-phase systems.

5.7 LINEAR SYSTEMS WITH GENERALIZED
LINEAR PHASE

In designing filters and other signal-processing systems that pass some portion of the
frequency band undistorted, it is desirable to have approximately constant frequency-
response magnitude and zero phase in that band. For causal systems, zero phase is
not attainable, and consequently, some phase distortion must be allowed. As we saw
in Section 5.1.2, the effect of linear phase with integer slope is a simple time shift. A
nonlinear phase, on the other hand, can have a major effect on the shape of a signal,
even when the frequency-response magnitude is constant. Thus, in many situations it is
particularly desirable to design systems to have exactly or approximately linear phase.
In this section, we consider a formalization and generalization of the notions of linear



292 Transform Analysis of Linear Time-Invariant Systems Chap. 5

phase and ideal time delay by considering the class of systems that have constant group
delay. We begin by reconsidering the concept of delay in a discrete-time system.

5.7.1 Systems with Linear Phase
Consider an LTI system whose frequency response over one period is
Hig(e'®) = e /o2, lw| < 7, (5.119)

where « is a real number, not necessarily an integer. Such a system is an “ideal delay”
system, where « is the delay introduced by the system. Note that this system has constant
magnitude response, linear phase, and constant group delay; i.e.,

|Hig(e/*)| = 1, (5.120a)
<IHid(€jw) = —w«, (5.12013)
grd[Hig(e’®)] = a. (5.120¢)

The inverse Fourier transform of Hig(e’?) is the impulse response

sinm(n—«)

hig[n] = , —00 < R < 00, (5.121)
r(n—a)
The output of this system for an input x[n] is
sinm(n — «) = sint(n—k—a)
= — = k ) 5122
Mirl =2l =2 = Y AK T (5122)

k=—00

If @« = n4, where ng4.is an integer, then, as mentioned in Section 5.1.2,
hialn] = 8[n — n4l (5.123)
and
yln] = x[n] * 8[n — ny] = x[n — n4l. (5.124)

That is, if @ = n, 1s an integer, the system with linear phase and unity gain in Eq. (5.119)
simply shifts the input sequence by n; samples. If « is not an integer, the most straight-
forward interpretation is the one developed in Example 4.9 in Chapter 4. Specifi-
cally, a representation of the system of Eq. (5.119) is that shown in Figure 5.33, with
he(t) = 8(t —aT) and H.(jQ) = e~ /%7 50 that

H(e!®) = e /o, lw| < 7. (5.125)

In this representation, the choice of T is irrelevant and could simply be normalized
to unity. It is important to stress again that the representation is valid whether or not
x[n] was originally obtained by sampling a continuous-time signal. According to the
representation in Figure 5.33, y[#] is the sequence of samples of the time-shifted, band-
limited interpolation of the input sequence x[n]; i.e., y[n] = x.(nT — «T). The system
of Eq. (5.119) is said to have a time shift of & samples, even if « is not an integer. If the
group delay « is positive, the time shift is a time delay. If « is negative, the time shift is
a time advance.
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This discussion also provides a useful interpretation of linear phase when it is as-
sociated with a nonconstant magnitude response. For example, consider a more general
frequency response with linear phase, i.e.,

H(e'®)y = |H(e/®)|e™ /", lw| < 7. (5.126)

Equation (5.126) suggests the interpretation of Figure 5.34. The signal x[n] is filtered
by the zero-phase frequency response | H(e/®){, and the filtered output is then “time
shifted” by the (integer or noninteger) amount «. Suppose, for example, that H(e/®) is
the linear-phase ideal lowpass filter

jwy e—jwa, |a)| < We,
Hip(e!?) = {0’ v, < |w| <. (5.127)
The corresponding impulse response 1s
hipln) = sin we(n — &) (5.128)

n(n —a)
Note that Eq. (5.121) is obtained if w, = x.

Example 5.16 Ideal Lowpass with Linear Phase

The impulse response of the ideal lowpass filter illustrates some interesting properties
of linear-phase systems. Figure 5.35(a) shows hip[n] for w, = 0.4m and @ = ng = 5.
Note that when « is an integer, the impulse response is symmetric about n = ny; i.e.,

sinw:(2n; —n —ng)

hipl2na = n] = 7(2ng —n —ng)
_ W—S“J‘I‘Z’;S”i ;)") (5.129)
= hyp[n].
In this case we could define a zero-phase system
Hip(e’®) = Hip(e/*)e’™ = |Hp(e!®)|, (5.130)

where the impulse response is shifted to the left by ny samples, yielding an even
sequence

sin w.n

ﬁlp [n] =

= hup[—n]. (5.131)

on
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Figure 5.35(b) shows hyp[n] for w. = 0.4 and « = 4.5. This is typical of the case when
the linear phase corresponds to an integer plus one-half. As in the case of the integer
delay, it is easily shown that if « is an integer plus one-half (or 2« is an integer), then

hip(2a — n] = hp[n). (5.132)

In this case, the point of symmetry is a, which is not an integer. Therefore, since the
symmetry is not about a point of the sequence, it is not possible to shift the sequence to
obtain an even sequence that has zero phase. This is similar to the case of Example 4.10
with M odd.

Figure 5.35(c) represents a third case, in which there is no symmetry at all. In
this case, w, = (.47 and a = 4.3.

In general a linear-phase system has frequency response
H(e'®) = |H(e/®) e /%, (5.133)

Asillustrated in Example 5.16, if 2« is an integer (i.e., if « is an integer or an integer
plus one-half), the corresponding impulse response has even symmetry about «; i.e.,

h[2e — n] = h[n]. (5.134)

If 2 is not an integer, then the impulse response will not have symmetry. This is illus-
trated in Figure 5.35(c), which shows an impulse response that is not symmetric, but
that has linear phase, or equivalently, constant group delay.

5.7.2 Generalized Linear Phase

In the discussion in Section 5.7.1, we considered a class of systems whose frequency
response is of the form of Eq. (5.126), i.e., a real-valued nonnegative function of @ mul-
tiplied by a linear phase term ¢=/“*. For a frequency response of this form, the phase of
H(e’?) is entirely associated with the linear phase factor e=/*%  i.e., <H(e/?) = —wa,
and consequently, systems in this class are referred to as linear-phase systems. In the
moving average of Example 4.10, the frequency response in Eq. (4.67) is a real-valued
function of w multiplied by a linear-phase term, but the system is not, strictly speaking,
a linear-phase system, since, at frequencies for which the factor

1 sinfw(M+1)/2]
M+1 sin{(w/2)

is negative, this term contributes an additional phase of & radians to the total phase.
Many of the advantages of linear-phase systems apply to systems with frequency
response having the form of Eq. (4.67) as well, and consequently, it is useful to generalize
somewhat the definition and concept of linear phase. Specifically, a system is referred to
asageneralized linear-phase system if its frequency response can be expressed in the form

H(e'®) = A(e/®)e jawtiP, (5.135)

where o and g are constants and A(e/®) is a real (possibly bipolar) function of w. For
the linear-phase system of Eq. (5.127) and the moving-average filter of Example 4.10,
B = 0. We see, however, that the bandlimited differentiator of Example 4.5 has the
form of Eq. (5.135) witha =0, 8 = 7/2, and A(e/®) = w/T.
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A system whose frequency response has the form of Eq. (5.135) is called a gen-
eralized linear-phase system because the phase of such a system consists of constant
terms added to the linear function —wa; i.e. ~wa + B is the equation of a straight line.
However, if we ignore any discontinuities that result from the addition of constant phase
over all or part of the band |w| < 7, then such a system can be characterized by constant
group delay. That is, the class of systems such that

1(w) = grd[H(e'?)] = —di{arg[H(ej‘”)]} =qa (5.136)
w
have linear phase of the more general form
arg[H(e'®)] =B —wa, O<w<m, (5.137)

where 8 and « are both real constants.

Recall that we showed in Section 5.7.1 that the impulse responses of linear-phase
systems may have symmetry about « if 2« is an integer. To see the implication of this for
generalized linear-phase systems, it is useful to derive an equation that must be satisfied
by A[n], «, and B for constant group-delay systems. This equation is derived by noting
that, for such systems, the frequency response can be expressed as

H(ejw) _— A(ej“’)ej(ﬁ—am)

, o (5.138)
= A(e/®)cos(B — wa) + jA(e’/*)sin(B — wa),
or equivalently, as
(s ¢]
H(e'?) = Z h[n)e= /"
. - (5.139)
= Z h[n]coswn — | Z h[n]sinwn,

where we have assumed that #[n] is real. The tangent of the phase angle of H(e’*) can
be expressed as

- f: h[n]sin wn

sin(8 — wa) _ n=—oo

= .
cos(p — wa) Z h[n]cos wn

n=—occ
Cross multiplying and combining terms with a trigonometric identity leads to the
equation

tan(f — wa) =

> hln]sin[w(n ~ o)+ B] =0 forall w. (5.140)
R=—00
This equation is a necessary condition on 4[n], &, and B for the system to have constant
group delay. It is not a sufficient condition, however, and, due to its implicit nature, it
does not tell us how to find a linear-phase system. For example, it can be shown that
one set of conditions that satisfies Eq. (5.140) is

=0 or m, (5.141a)
2a = M = an integer, (5.141b)
h[2a — n] = h[n]. (5.141¢)
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With 8 = 0 or , Eq. (5.140) becomes
x
> hln]sin[w(n — )] =0, (5.142)
n=—00

from which it can be shown that if 2« is an integer, terms in Eq. (5.142) can be paired so
that each pair of terms is identically zero for all w. These conditions in turn imply that
the corresponding frequency response has the form of Eq. (5.135) with 8 = 0 or 7 and
A(e/®) an even (and, of course, real) function of w.

Alternatively, if 8 = m/2 or 37 /2, then Eq. (5.140) becomes

> hln]cos[w(n — )] =0, (5.143)
and it can be shown that
B=m/2 or 3m/2, (5.144a)
2a = M = an integer, (5.144b)
and
h[2a — n) = —h[n] (5.144c)

satisfy Eq. (5.143) for all w. Equations (5.144) imply that the frequency response has
the form of Eq. (5.135) with 8 = n/2 and A(e’®) an odd function of .

Note that Egs. (5.141) and (5.144) give two sets of conditions that guarantee gener-
alized linear phase or constant group delay, but as we have already seen in Figure 5.35(c),
there are other systems that satisfy Eq. (5.135) without these symmetry conditions.

5.7.3 Causal Generalized Linear-Phase Systems

If the system is causal, then Eq. (5.140) becomes
Zh[n] sinfw(n —a) + B] =0 for all w. (5.145)
=0

Causality and the conditions in Eqgs. (5.141) and (5.144) imply that
h[n] =0, n<0 and n> M,

i.e., causal FIR systems have generalized linear phase if they have impulse response
length (M + 1) and satisfy either Eq. (5.141c) or (5.144c). Specifically, it can be shown
that if

_JhM-n), O<n<M,
il = {0, otherwise, (5.146a)

then
H(e/?) = A (e/?)e /M2, (5.146b)
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where A.(e/“) is a real, even, periodic function of . Similarly, if

_[-h{M-n], 0<n=<M,
hin] = { 0, otherwise, (5.147a)
then it follows that
H(e/®) = j Ay(e/®)e JoMZ = A (ef®)e JoMI2+im/2 (5.147b)

where A,(e/®) is a real, odd, periodic function of . Note that in both cases the length
of the impulse response is (M + 1) samples.

The conditions in Egs. (5.146a) and (5.147a) are sufficient to guarantee a causal
system with generalized linear phase. However, they are not necessary conditions.
Clements and Pease (1989) have shown that causal infinite-duration impulse responses
can also have Fourier transforms with generalized linear phase. The corresponding sys-
tem functions, however, are not rational, and thus, the systems cannot be implemented
with difference equations.

Expressions for the frequency response of FIR linear-phase systems are useful in
filter design and in understanding some of the properties of such systems. In deriving
these expressions, it turns out that significantly different expressions result, depending
on the type of symmetry and whether M is an even or odd integer. For this reason, it is
generally useful to define four types of FIR generalized linear-phase systems.

Type I FIR Linear-Phase Systems
A type I system is defined as a system that has a symmetric impulse response

hln] = h[M — n], O0<n<M, (5.148)

with M an even integer. The delay M/2 is an integer. The frequency response is
. M .
H(e/*) = h[nle™/o", (5.149)
=0

By applying the symmetry condition, Eq. (5.148), the sum in Eq. (5.149) can be rewritten
in the form

Mj2
H(e/?) = e~ /oM/2 (Za[k] cos wk), (5.150a)
k=0
where
a[0] = h[M/2), (5.150b)
alk] = 2h[(M/2) — k],  k=1,2,..., M/2. (5.150c)

Thus, from Eq. (5.150a), we see that H(e’/?) has the form of Eq. (5.146b), and in par-
ticular, B in Eq. (5.135) is either 0 or =.
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Type II FIR Linear-Phase Systems

A type II system has a symmetric impulse response as in Eq. (5.148), with M an odd
integer. H(e/®) for this case can be expressed as

(M+1)/2
H(ej“’) = e~ ioM2 { Z b[k] cos [a) (k— %)] } , (5.151a)
k=1
where
blk] = 2h[(M + 1)/2 — K], k=1,2,...,(M+1)/2. (5.151b)

Again, H(e/“) has the form of Eq. (5.146b) with a time delay of M/2, which in this case
is an integer plus one-half, and 8 in Eq. (5.135) is either O or x.

Type I1I FIR Linear-Phase Systems
If the system has an antisymmetric impulse response

h{n] = —h[M — n], O<n<M, (5.152)

with M an even integer, then H(e/“) has the form

M/2
H(e/®) = je~iwM/2 [Z c[k] sin wk} : (5.153a)
k=1
where
c[k] = 2h[(M/2) - k], k=1,2,..., M/2. (5.153b)

In this case, H(e/®) has the form of Eq. (5.147b) with a delay of M/2, which is an integer,
and B in Eq. (5.135) is 7 /2 or 37 /2.

Type IV FIR Linear-Phase Systems
If the impulse response is antisymmetric as in Eq. (5.152) and M is odd, then

(M+1)/2
H(el*) = je M2 | 3" d[k]sin [ (k- 1)]| . (5.154a)
k=1
where
dlk] =2h[(M+1)/2 -k, k=12,...,(M+1)/2. (5.154b)

As in the case of type III systems, H(e/“) has the form of Eq. (5.147b) with delay M/2,
which is an integer plus one-half, and 8 in Eq. (5.135) is = /2 or 37 /2.
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Examples of FIR Linear-Phase Systems

Figure 5.36 shows an example of each of the four types of FIR linear-phase systems.
The associated frequency responses are given in Examples 5.17-5.20.

Example 5.17 Type I Linear-Phase System

If the impulse response is

1, 0<n<4,
hin) = {0, otherwise, (5.155)
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Figure 5.37 Frequency response of type | system of Example 5.17. (a) Magnitude.
(b) Phase. {c) Group delay.
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as shown in Figure 5.36(a}, the system satisfies the condition of Eq. (5.148). The fre-
quency response is
4

. , 1 — e w3
Joy — —lon _
H(e )—Ze I P I
n=0 (5.156)
_ pmjw2 sin(5w/2)
- sin(w/2)

The magnitude, phase, and group delay of the system are shown in Figure 5.37. Since
M = 4is even, the group delay is an integer, i.e., @ = 2.

Example 5.18 Type Il Linear-Phase System

If the length of the impulse response of the previous example is extended by one sam-
ple, we obtain the impulse response of Figure 5.36(b), which has frequency response

_ jwsy2 SIN(3w)
sin(w/2)

The frequency-response functions for this system are shown in Figure 5.38. Note that
the group delay in this case is constant with o = 5/2.

H(e'*)=e (5.157)

Example 5.19 Type lll Linear-Phase System
If the impulse response is
h[n] = 8[n] — 8[n — 2], (5.158)
as in Figure 5.36(c), then

H(el®y =1 —e ¢

- 2 sin(@)le". (5.159)

The frequency-response plots for this example are given in Figure 5.39. Note
that the group delay in this case is constant with o = 1.

Example 5.20 Type IV Linear-Phase System
In this case (Figure 5.36(d)), the impulse response is
h[n] = 8[n] — é[n — 1], (5.160)
for which the frequency response is
H(e/*y=1—¢ v
: (5.161)
= j[2sin(w/2)]e~/*/%.

The frequency response for this system is shown in Figure 5.40. Note that the group
delay is equal to % for all w.
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Locations of Zeros for FIR Linear-Phase Systems

The preceding examples illustrate the properties of the impulse response and the fre-
quency response for all four types of FIR linear-phase systems. It is also instructive to
consider the locations of the zeros of the system function for FIR linear-phase systems.
The system function is

M
H(z) =) hfn]z™". (5.162)

n=0

In the symmetric cases (types I and II), we can use Eq. (5.148) to express H(z) as

M 0
H(z) = Zh[M —n]z7" = Z hlk]zkz =™
-0 k=M

(5.163)
=z MH(z).
From Eq. (5.163), we conclude that if z; is a zero of H(z), then
H(zo) = zgMH(z5') = 0. (5.164)

This implies that if zg = re/® is a zero of H(z), then z;' = r~'e~/¢ is also a zero of H(z).
When h[n] is real and z, is a zero of H(z), z§ = re~/¢ will also be a zero of H(z), and
by the preceding argument, so will (z§)~! = r~!e/%. Therefore, when h[n] is real, each
complex zero not on the unit circle will be part of a set of four conjugate reciprocal
zeros of the form

(1—re®z7 )1 —re 271 —rle/z7)(1 —rle /9271,

If a zero of H(z) is on the unit circle, i.e., zo = e/, then z;' = e~/® = z}, so zeros on
the unit circle come in pairs of the form

(1-ez7H)(1 —e /270,

If a zero of H(z) is real and not on the unit circle, the reciprocal will also be a zero of
H(z), and H(z) will have factors of the form

(1xrzHQxr1z7h).

Finally, a zero of H(z) at z = +1 can appear by itself, since %1 is its own reciprocal and
its own conjugate. Thus, we may also have factors of H(z) of the form

Q+z7h).
The case of a zero at z = —1 is particularly important. From Eq. (5.163),
H(-1) = (-1D)MH(-1).

If M is even, we have a simple identity, but if M is odd, H(—1) = —H(-1), so H(-1)
must be zero. Thus, for symmetric impulse responses with M odd, the system function
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must have a zero at z = —1. Figures 5.41(a) and 5.41(b) show typical locations of zeros
for type I (M even) and type II (M odd) systems, respectively.

If the impulse response is antisymmetric (types III and IV), then, following the
approach used to obtain Eq. (5.163), we can show that

H(z) = —z7MH(z™). (5.165)

This equation can be used to show that the zeros of H(z) for the antisymmetric case are
constrained in the same way as the zeros for the symmetric case. In the antisymmetric
case, however, both z = 1 and z = —1 are of special interest. If z = 1, Eq. (5.165)
becomes

H(1) = —H(1). (5.166)

Thus, H(z) musthave a zero at z = 1 for both M evenand M odd. If z = —1, Eq. (5.165)
gives

H(-1) = (=1)"M* 1 g(~1). (5.167)

In this case, if (M — 1) is odd (i.e., if M is even), H(—1) = —H(—1),s0 z = —1 must be
a zero of H(z) if M is even. Figures 5.41(c) and 5.41(d) show typical zero locations for
type III and 1V systems, respectively.

These constraints on the zeros are important in designing FIR linear-phase sys-
tems, since they impose limitations on the types of frequency responses that can be
achieved. For example, we note that, in approximating a highpass filter using a symmetric
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impulse response, M should not be odd, since the frequency response is constrained to
be zeroat w = n(z = —1).

5.7.4 Relation of FIR Linear-Phase Systems to
Minimum-Phase Systems

The previous discussion shows that all FIR linear-phase systems with real impulse re-
sponse have zeros either on the unit circle or at conjugate reciprocal locations. Thus,
it is easily shown that the system function of any FIR linear-phase system can be fac-
tored into a minimum-phase term H,;,(z), a maximum-phase term H,,.x(z), and a term
H,.(z) containing only zeros on the unit circle; i.e.,
H(Z) = Hmin(Z)Huc(Z)Hmax(Z), (5.168a)
where
Hunax(2) = Huin(z )z (5.168b)

and M; is the number of zeros of Hy,in(2). In Eq. (5.168a), Hmin(2) has all M; of its zeros
inside the unit circle, and H,.(z) has all M, of its zeros on the unit circle. Hpax(2) has
all M; of its zeros outside the unit circle, and, from Eq. (5.168b), its zeros are the recip-
rocals of the zeros of Hpin(2). The order of the system function H(z) is therefore M =
2M; + M,.

Example 5.21 Decomposition of a Linear-Phase System

Asa simple' example of the use of Eqgs. (5.168), consider the minimum-phase system
function of Eq. (5.109), for which the frequency response is plotted in Figure 5.28. The
system obtained by applying Eq. (5.168b) to Hnin(z) in Eq. (5.109) is

Huax(2) = (0.9)2(1 — 11111797 z=1)(1 — 1.1111e /067 ;71

x (1 = 1.25¢7 7987 7=1y(1 — 1.25¢7087 771y,
Hmax(2) has the frequency response shown in Figure 5.42. Now, if these two systems

are cascaded, it follows from Eq. (5.168) that the overall system

H(z) = Huin(2) Himax(2)

has linear phase. The frequency response of the composite system would be obtained
by adding the respective log magnitude, phase, and group-delay functions. Therefore,

20log, | H(e'®)| = 201logyg | Hmin(e/®)| + 2010g,o | Hmax(e/®)|
_ (5.169)
= 40log; | Hmin(e’*)).
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Similarly,
CH(e'*) = <Hpmin(e!”) + < Hmax(e’®). (5.170)
From Eq. (5.168b), it follows that
T Hmax(€'?) = —wM; — < Huin(e/?). (5.171)
and

<H(e'?) = —wM,,

where M; = 4 1s the number of zeros of Hmin(2). In like manner, the group-delay
functions of Hpin(e’*) and Hpax(e/®) combine to give

grd[H(e/®)] = M; = 4.

The frequency-response plots for the composite system are given in Figure 5.43. Note
that the curves are sums of the corresponding functions in Figures 5.28 and 5.42.

5.8 SUMMARY

In this chapter, we developed and explored the representation and analysis of LTI
systems using the Fourier and z-transforms. The importance of transform analysis for
LTI systems stems directly from the fact that complex exponentials are eigenfunctions
of such systems and the associated eigenvalues correspond to the system function or
frequency response.

A particularly important class of LTI systems is that characterized by linear
constant-coefficient difference equations. Transform analysis is particularly useful for
analyzing these systems, since the Fourier transform or z-transform converts a differ-
ence equation to an algebraic equation. In particular, the system function is a ratio
of polynomials, the coefficients of which correspond directly to the coefficients in the
difference equation. The roots of these polynomials provide a useful system representa-
tion in terms of the pole-zero plot. Systems characterized by difference equations may
have an impulse response that is infinite in duration (IIR) or finite in duration (FIR).

The frequency response of LTI systems is often characterized in terms of mag-
nitude and phase or group delay, which is the negative of the derivative of the phase.
Linear phase is often a desirable characteristic of a system frequency response, since it
is a relatively mild form of phase distortion, corresponding to a time shift. The impor-
tance of FIR systems lies in part in the fact that such systems can be easily designed
to have exactly linear phase (or generalized linear phase), while, for a given set of fre-
quency response magnitude specifications, IIR systems are more efficient. These and
other trade-offs will be discussed in detail in Chapter 7.

While, in general, for LTI systems, the frequency-response magnitude and phase
are independent, for minimum-phase systems the magnitude uniquely specifies the
phase and the phase uniquely specifies the magnitude to within a scale factor.
Nonminimum-phase systems can be represented as the cascade combination of a
minimum-phase system and an all-pass system. Relations between Fourier transform
magnitude and phase will be discussed in considerably more detail in Chapter 11.



312 Transform Analysis of Linear Time-Invariant Systems Chap. 5

Basic Problems with Answers

5.1. In the system shown in Figure P5.1-1, H(e/®) is an ideal lowpass filter. Determine whether
for some choice of input x[n] and cutoff frequency w,, the output can be the pulse

[n] = 1, 0<n=10,
= 0, otherwise,

shown in Figure P5.1-2.

——t H(e/?) }—>

x[n] yln]
H (e
1
| |
T e @, T @  Figure P5.1-1
yln)
—0—0—0—01—1—]—]—1—0—0—0—‘
0 10 7 Figure P5.1-2

5.2. Consider a stable linear time-invariant system with input x[r] and output y[n]. The input
and output satisfy the difference equation

yin—11 = 2y[n] + yln + 1] = x[n].

(a) Plot the poles and zeros in the z-plane.
(b) Find the impulse response A[n].

5.3. Consider a linear time-invariant discrete-time system for which the input x[n] and output
y[n] are related by the second-order difference equation

yln—1]+ %y[n - 2] = x[n].

From the following list, choose two possible impulse responses for the system:
@ (-39 uln+1]

(b) 3*+lu[n+1)

(©) 3(=3)"*"?u[-n-2]

@ 5 (-3)"ul-n—2]
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n+1

e (-3)7 u[-n-2]
® (1) uln+1]
(8 (—3)""'uln]

(h) n'3uln]

When the input to a linear time-invariant system is

x[n] = (3)" uln] + @)"ul—n - 1],
the output is

ylnl =6 (1) uln] — 6 (3)" u[n).

(a) Find the system function H(z) of the system. Plot the poles and zeros of H(z), and
indicate the region of convergence.

(b) Find the impulse response h[n] of the system for all values of n.

(¢) Write the difference equation that characterizes the system.

(d) Is the system stable? Is it causal?

Consider a system described by a linear constant-coefficient difference equation with initial-
rest conditions. The step response of the system is given by

yln] = (%)"u[n] + (}‘)"u[n] + uln]).

(a) Determine the difference equation.
(b) Determine the impulse response of the system.
(¢) Determine whether or not the system is stable.

The following information is known about a linear time-invariant system:
(a) The system is causal.
(b) When the input is

x[n] = —‘3 (‘5)" ufn] — %(2)"u[—n -1],
the z-transform of the output is

1—z2
(1-4z7") Q-2

Y(z) =

(¢} Find the z-transform of x|n].
(d) What are the possible choices for the region of convergence of Y (z)?
(e) What are the possible choices for the impulse response of the system?

When the input to a linear time-invariant system is
x[n] = Suln],
the output is

yin) = [2(3)" +3(=2)"] uln].
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5.8.

5.9.

5.10.

5.11.
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(a8) Find the system function H(z) of the system. Plot the poles and zeros of H(z), and
indicate the region of convergence.

(b) Find the impulse response of the system for all values of n.

(¢) Write the difference equation that characterizes the system.

A causal linear time-invariant system is described by the difference equation
yinl = 3yl — 1]+ yln = 2] + x[n - 1].

(a) Find the system function H(z) = Y(z)/ X(z) for this system. Plot the poles and zeros
of H(z), and indicate the region of convergence.

(b) Find the impulse response of the system.

(¢) You should have found the system to be unstable. Find a stable (noncausal) impulse
response that satisfies the difference equation.

Consider a linear time-invariant system with input x[n] and output y[n] for which

yln~1] = 3y[n] + y[n + 1] = x[n].

The system may or may not be stable or causal.

By considering the pole—zero pattern associated with the preceding difference equa-
tion, determine three possible choices for the impulse response of the system. Show that
each choice satisfies the difference equation. Indicate which choice corresponds to a stable
system and which choice corresponds to a causal system.

If the system function H(z) of a linear time-invariant system has a pole—zero diagram as
shown in Figure P5.10-1 and the system is causal, can the inverse system H;{(z), where
H(z)H;(z) = 1, be both causal and stable? Clearly justify your answer.

Unit Im
circle z-plane
X
o)
- 1 Re
e}
X
Figure P5.10-1

The system function of a linear time-invariant system has the pole—zero plot shown in Fig-
ure P5.11-1 Specify whether each of the following statements is true, is false, or cannot be
determined from the information given.

(a) The system is stable.

(b) The system is causal.

(¢) If the system is causal, then it must be stable.

(d) If the system is stable, then it must have a two-sided impulse response.
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Im

z-plane

X

X
—

Re

Unit circle Figure P5.11-1

5.12. A discrete-time causal LTI system has the system function

_Q +0.2z271)(1 -9z72)
HE) = —Fosics

(a) Is the system stable?
(b) Find expressions for a minimum-phase system H;(z) and an all-pass system H,,(z)
such that

H(z) = H1(2) Hap(2).

5.13. Figure P5.13-1 shows the pole-zero plots for four different LTI systems. Based on these
plots, state whether or not each system is an all-pass system.

Im $m

H(z) Hy(2)
N k)
NN A
4 3
$m Hiy(z) Im Hy(2)
o o
AR
KJ Re Ky Re

Figure P5.13-1
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5.14. Determine the group delay for 0 < @ < & for each of the following sequences:

(a)

n—-1 1<n<S§5,
xi[n]=< 9—n, 5<n<9,

0, otherwise.

[n—1 In|
e () 0)

5.15. Consider the class of discrete-time filters whose frequency response has the form

(b)

H(e/®) = |H(e/®)|e™ />,

where | H(e/*)| is a real and nonnegative function of w and « is a real constant. As discussed
in Section 5.7.1, this class of filters is referred to as linear-phase filters.
Consider also the class of discrete-time filters whose frequency response has the form

H(e'*) = A(e/®)e /owtib

where A(e/®)is areal function of w, « is a real constant, and g is a real constant. As discussed
in Section 5.7.2, filters in this class are referred to as generalized linear-phase filters.

For each of the filters in Figure P5.15-1, determine whether it is a generalized linear-
phase filter. If it is, then find A(e/®), @, and 8. In addition, for each filter you determine
to be a generalized linear-phase filter, indicate whether it also meets the more stringent
criterion for being a linear-phase filter.

. h[n] 3 h[n] 3 h[n]
2 2 2
l Il | 1 1 1
0 n 0 n 1} n
(a) (b) (c)
! el h[n] . h[n]
0 n
(d) (e)
Figure P5.15-1

5.16. Figure P5.16-1 plots the continuous-phase arg[ H(e/*)] for the frequency response of a
specific LTI system, where

arg[ H(e/*)] = —aw

for || < m and « is a positive integer.
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5.17.

5.18.

5.19.

arg{H (e/)]

anm—

i Figure P5.16-1

Is the impulse response A[n] of this system a causal sequence? If the system is definitely
causal, or if it is definitely not causal, give a proof. If the causality of the system cannot
be determined from Figure P5.16-1, give examples of a noncausal sequence and a causal
sequence that both have the foregoing phase response arg[ H(e/*)].

For each of the following system functions, state whether or not it is a minimum-phase
system. Justify your answers:

0 = (e i e

o=

O~ G
fom )

For each of the following system functions Hy(z), specify a minimum-phase system function
Hnmin(2) such that the frequency-response magnitudes of the two systems are equal, i.e.,
|Hk(e]w)l = IHmin(e]w)l-

(a)
1-2z1
H1(Z) = 1—;—%—;
(b)
1+3z71) (1-3z77)
H =
R D
(c)
1-3z7){(1- 3271
H3(Z)= ( z )( 1< )

=37) (- )

Figure P5.19-1 shows the impulse responses for several different LTI systems. Find the
group delay associated with each system.
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5.20. Figure P5.20-1 shows just the zero locations for several different system functions. For
each plot, state whether the system function could be a generalized linear-phase system
implemented by a linear constant-coefficient difference equation with real coefficients.

$m $m
H(z) Hy(2)
o} o

Re Re

mo H

Figure P5.20-1
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Basic Problems

5.21. Lethyp[n] denote the impulse response of an ideal lowpass filter with unity passband gain and

cutoff frequency w. = m/4. Figure P5.21-1 shows five systems, each of which is equivalent
to an ideal LTI frequency-selective filter. For each system shown, sketch the equivalent
frequency response, indicating explicitly the band-edge frequencies in terms of .. In each
case, specify whether the system is a lowpass, highpass, bandpass, bandstop, or multiband
filter.

»( +
] NG I
> hlp[n]
(a)
1y 1y
h
*In] ol7] V]
()

—> hyp[2n] —>
x[n] yln]

(c)

x[n] = {glp[n&]. n even

x[n] nodd [ yin]
(d)
—| 42 > hyp[n] > |2 F—
x[n] yin]
(e) Figure P5.21-1

5.22. Consider a causal linear time-invariant system with system function

where a is real.

(a) Write the difference equation that relates the input and the output of this system.
(b) For what range of values of a is the system stable?

(¢) For a = 1, plot the pole-zero diagram and shade the region of convergence.
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5.23.

5.24.

5.25.

5.26.
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(d) Find the impulse response k[n] for the system.
(e) Show that the system is an all-pass system, i.e., that the magnitude of the frequency
response is a constant. Also, specify the value of the constant.

(a) For each of the four types of causal linear phase FIR filters discussed in Section 5.7.3,
determine whether the associated symmetry imposes any constraint on the frequency
response at w = 0 and/or w = .

(b) For each of the following types of desired filter, indicate which of the four FIR filter
types would be useful to consider in approximating the desired filter:

Lowpass
Bandpass
Highpass
Bandstop
Differentiator

Let x[n] be a causal, N-point sequence that is zero outside the range 0 < n < N — 1. When
x[n] is the input to the causal LTI system represented by the difference equation

nl = gyln = 2] = x[n - 2] = 3x[n],

the output is y[n], also a causal, N-point sequence.

(a) Show that the causal LTI system described by this difference equation represents an
all-pass filter.

(b) Given that

N-1
> Ixlnl? =5,
n=0

determine the value of

N-1
> IylnlR.
n=0

Is the following statement true or false?

Statement: It is not possible for a noncausal system to have a positive constant group
delay;i.e., grd[H(ef“’)] =19 > 0.
If the statement is true, give a brief argument justifying it. If the statement is false, provide
a counterexample.

Consider the z-transform

rz!

1— (2rcoswy)z™ +r2z2’

H(z) = lz| > r.

Assume first that wg # 0.
(a) Draw a labeled pole—zero diagram and determine k[n].
(b) Repeat Part (a) when wg = 0. This is known as a critically damped system.
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5.27. An LTI system with impulse response ki [#] is an ideal lowpass filter with cutoff frequency
w. = n/2. The frequency response of the system is H;(e/“). Suppose a new LTI system
with impulse response h»[n] is obtained from k[n] by

ha[n] = (=1)hy[n].

Sketch the frequency response Ha(e/®).

Advanced Problems

5.28. The system function H(z) of a causal linear time-invariant system has the pole-zero con-
figuration shown in Figure P5.28-1. It is also known that H(z} = 6 when z = 1.

z-plane

Double zeQ‘J
i

X

N = X
9
A

ASEE

Figure P5.28-1

(a) Determine H(z).
(b) Determine the impulse response k[n] of the system.
(¢) Determine the response of the system to the following input signals:
(1) x[n] = u[n] - %u[n -1]
(ii) The sequence x[n] obtained from sampling the continuous-time signal

x(t) =50+ 10cos 20mt + 30 cos40mt

at a sampling frequency Q; = 27 (40) rad/s
5.29. The system function of a linear time-invariant system is given by

21
(1-1z1)(1 -2z -4z

H(z) =

It is known that the system is not stable and that the impulse response is two sided.

(a) Determine the impulse response A[n] of the system.

(b) The impulse response found in Part (a) can be expressed as the sum of a causal impulse
response hy[n] and an anticausal impulse response h;[n]. Determine the corresponding
system functions H;(z) and H>(z).

5.30. A signal x[n] is processed by a linear time-invariant system H(z) and then downsampled
by a factor of 2 to yield y[n], as shown in Figure P5.30-1. The pole—zero plot for H(z) is
shown in Figure P5.30-2.

(a) Determine and sketch A[n], the impulse response of the system H(z).
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(b) A second system is shown in Figure P5.30-3, in which the signal x[#] is first time com-
pressed by a factor of 2 and then passed through an LTI system G(z) to obtain r[n].

———— H(2) — 2,1, —

x[n] win] ylrl=w(2n]  Figyre P5.30-1
Unit M pth-order pole at z =0,
circle

M 22 and M is an integer

z-plane

Re

Figure P5.30-2

Y

— 2} G(z) b—

x[n] r[7] " Figure P5.30-3

Determine whether G(z) can be chosen so that y[n] = r[#] for any input x[n]. If your
answer is no, clearly explain. If your answer is yes, specify G(z). If your answer depends
on the value of M, clearly explain how. (M is constrained to be an integer greater than
or equal to 2.)

5.31. Consider a linear time-invariant system whose system function is

2_2

(1-1z1)1 -3z

H(z) =

(a) Suppose the system is known to be stable. Determine the output y[#] when the input
x[n] is the unit step sequence.

(b) Suppose the region of convergence of H(z) includes z = co. Determine y[n] evaluated
at n = 2 when x[n] is as shown in Figure P5.31-1.

x[n]

2
1 rew
o LI 1 " Figure P5.31-1

(¢) Suppose we wish to recover x[n] from y[n] by processing y[n] with an LTI system whose
impulse response is given by A;[n]. Determine #;[n]. Does A;[n] depend on the region
of convergence of H(z)?
5.32. The Fourier transform of a stable linear time-invariant system is purely real and is shown
in Figure P5.32-1. Determine whether this system has a stable inverse system.
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5.33.

5.34.

H(ef“’)
T \ |
- N—""""%  Fioure P5.32-1

A sequence x[n] is the output of a linear time-invariant system whose input is s[n]. This
system is described by the difference equation

x[n] = s[n] — e%*s[n - 8], (P5.33-1)
where 0 < .
(2) Find the system function
X(2)
Hy(z) = =27,
1(2) 502)

and plot its poles and zeros in the z-plane. Indicate the region of convergence.
(b) We wish to recover s[n] from x[n] with a linear time-invariant system. Find the system
function
Y(z)

Hy(z) = X0

such that y[n] = s[n]. Find all possible regions of convergence for H>(z), and for each,
tell whether or not the system is causal and/or stable.
(¢) Find all possible choices for the impulse response A;[n] such that

yin] = hp[n] * x[n] = s[nl. (P5.33-2)

(d) For all choices determined in Part (c), demonstrate, by explicitly evaluating the con-
volution in Eq. P5.33-2, that when s[n] = §[n], y[n] = §[n].

Note: As discussed in Problem 4.7, Eq. P5.33-1 represents a simple model for a multipath

channel. The systems determined in Parts (b) and (c), then, correspond to compensation

systems to correct for the multipath distortion.

Consider a linear time-invariant system whose impulse response is

hln] = (3)" uln] + (3)" uln).

The input x[n] is zero for n < 0, but in general, may be nonzero for 0 < n < co. We would

like to compute the output y[n] for 0 < n < 10°, and in particular, we want to compare the

use of an FIR filter with that of an IIR filter for obtaining y[n] over this interval.

(a) Determine the linear constant-coefficient difference equation for the IIR system relat-
ing x(n] and y[n].

(b) Determine the impulse response h;[n] of the minimum-length LTI FIR filter whose
output y; [n] is identical to the output y{n] for 0 < n < 10°.

(¢) Specify the linear constant-coefficient difference equation associated with the FIR filter
in Part (b).
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5.35.

5.36.

5.37.
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(d) Compare the number of arithmetic operations (multiplications and additions) required
to obtain y[n] for 0 < n < 10° using the linear constant-coefficient difference equations
in Part (a) and in Part (c).

Consider a causal linear time-invariant system with system function H(z) and real impulse
response. H(z) evaluated for z = ¢/“ is shown in Figure P5.35-1.

20 logwl H(e’“’)l

A

8 -—

Figure P5.35-1

(a) Carefully sketch a pole—zero plot for H(z) showing all information about the pole and
zero locations that can be inferred from the figure.

(b) What can be said about the length of the impulse response?

(c¢) Specify whether <{H(e/®) is linear.

(d) Specify whether the system is stable.

A causal linear time-invariant system has the system function

(1-15z7"—z79)(1+09z7))

HE = A v o7z 00 - 077270

(a) Write the difference equation that is satisfied by the input and the output of the system.
(b) Plot the pole-zero diagram and indicate the region of convergence for the system
function.
(c¢) Sketch | H(e/®)|.
(d) State whether the following are true or false about the system:
(i) The system is stable.
(ii) The impulse response approaches a constant for large #.
(ili) The magnitude of the frequency response has a peak at approximately w = £ /4.
(iv) The system has a stable and causal inverse.

Consider a causal sequence x[n] with the z-transform

(-3 (-3 ) (- 4)

(-5

For what values of « is a"x[#n] a real, minimum-phase sequence?

X(z2) =
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5.38. Consider the linear time-invariant system whose system function is
H(z) = (1 —0.9¢/%67 771y (1 — 0.9¢ /067 z71)(1 — 1.25e/087 77 1)(1 — 1.25¢ /087 71,

(a) Find all causal system functions that result in the same frequency-response magnitude
as H(z) and for which the impulse responses are real valued and of the same length
as the impulse response associated with H(z). (There are four different such system
functions.) Identify which system function is minimum phase and which, to within a
time shift, is maximum phase.

(b) Find the impulse responses for the system functions in Part (a).

(¢) For each of the sequences in Part (b), compute and plot the quantity

E[n] =) _(h[m))?
m=(

for0 < n < 5.Indicate explicitly which plot corresponds to the minimum-phase system.

5.39. Shown in Figure P5.39-1 are eight different finite-duration sequences. Each sequence is
four points long. The magnitude of the Fourier transform is the same for all sequences.
Which of the sequences has all the zeros of its z-transform inside the unit circle?

20.33
17.67
26 533 9.67 13.33
i R t - 1 .
. . . .
1 1 l 3 n l 2 & n 1 l 3 n
_ -1.33
s 3.33
~15.33 _18.67 -20.67
(2) (b) (c)
21.33 17.67 1233
s 1 3 2y 1 ! 3
2 l n i 1 l 3 n l ¢
133 -1067 ~1.33 ~1.33
-18.67 20,67
(d) (e) ()
2133 20.33
1.67 2.67
2 ’ R ? 1 3 _
l 1 l 3 n
1067 b —6.67
' -15.33
(g) (h)

Figure P5.39-1

5.40. Each of the pole-zero plots in Figure P5.40-1, together with the specification of the region
of convergence, describes a linear time-invariant system with system function H(z). In each
case, determine whether any of the following statements are true. Justify your answer with
a brief statement or a counterexample.

(a) The system is a zero-phase or a generalized linear-phase system.
(b) The system has a stable inverse H;(z).
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Figure P5.40-1

(d)

5.41. Figure P5.41-1 shows two different interconnections of three systems. The impulse re-
sponses h1[n], h2[n], and As[n] are as shown in Figure P5.41-2. Determine whether system
A and/or system B is a generalized linear-phase system.

System A
r 1
} |
—+»{ hy[n] »1 hy[n] | hy[n] _,
x[n) | ‘ : ’ | yln]
o )
System B
I'________________________I
i :
»1 hy[n] »{ 115[n]
sl 1 | i |yl
| |
: > 13[n] :
| |
|

________________________ 1 Figure P5.41-1
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hyln]

K

a

. I A
a4 l 0 n

5.42. The overall system of Figure P5.42-1 is a discrete-time linear time-invariant system with

frequency response H(e/®) and impulse response A[n].

-

(a) H(e/*) can be expressed in the form

H(ejw) — A(ejw)e]'¢(w),

yin]

Figure P5.42-1

with A(e/*) real. Determine and sketch A(e/®) and ¢(w) for |w| < 7.

(b) Sketch k|[n] for the following:

(i) a=3
(i) o= 3%
(iii) « =3%

(¢) Consider a discrete-time linear time-invariant system for which

H(e/®) = A(e/?)e’*?,

lw| < 7,

with A(e’/®) real. What can be said about the symmetry of h[r] for the following?

(i) o =integer
(i) o = M/2, where M is an odd integer
(iii) General

5.43. Consider the class of FIR filters that have A[n] real, s[n] =0 forn < 0 andn > M, and one

of the following symmetry properties:

Symmetric: h[rn] = h[M — n]
Antisymmetric: A[n] = —h[M — n]

Allfiltersin thisclass have generalized linear phase,i.e., have frequency response of the form

H(e/®) = A(e/®)e /*o+IB,

where A(e/®) is a real function of w, « is a real constant, and 8 is a real constant.
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For the following table, show that A(e/?) has the indicated form, and find the values of

« and 8.
Type Symmetry Filter length (M + 1) Form of A(e/®) a f
M/2
I Symmetric 0Odd Z a[n]coswn

n=0
(M+1)/2

II Symmetric Even Z b[n]cosw(n —1/2)

n=1

My2

III  Antisymmetric Odd Z c[n]sinwn
n=1
(M+1)/2

v Antisymmetric Even Z d[n]sinw(n - 1/2)

n=1

Here are several helpful suggestions.
e For type I filters, first show that H(e/*) can be written in the form

(M-2)2 (M-2)2
He™®y= > Al + Y~ h[M - nle= /oM 4 p{My2le= i M),
n=0 =0

e The analysis for type III filters is very similar to that for type I, with the exception of
a sign change and removal of one of the preceding terms.
e For type II filters, first write H(e/®) in the form

(M-1)/2 (M-1)72
He™®)= Y hlnle™n+ Y h[M— nle=iolMn,
n=0 n=0

and then pull out a common factor of e~ /**/2) from both sums.
e The analysis for type 1V filters is very similar to that for type II filters.

5.44. Let hyp[n] denote the impulse response of an FIR generalized linear-phase lowpass fil-
ter. The impulse response finp[#] of an FIR generalized linear-phase highpass filter can be
obtained by the transformation

ipln) = (~1)"hplr).

If we decide to design a highpass filter using this transformation and we wish the resulting
highpass filter to be symmetric, which of the four types of generalized linear-phase FIR
filters can we use for the design of the lowpass filter? Your answer should consider a// the
possible types.

5.45. A causal linear time-invariant discrete-time system has system function

(1-0.5z"(1 +4z72)

H@) = —G 5D

(a) Find expressions for a minimum-phase system H;(z) and an all-pass system H,(z)
such that

H(z) = HI(Z)Hap(Z)'
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(b) Find expressions for a different minimum-phase system H>(z) and a generalized linear-
phase FIR system Hj;p(z) such that
H(z) = Hy(2) Hyn(2).
5.46. (a) A minimum-phase system has system function Hpy;,(2) is such that
Huin(2) Hap(2) = Hiin(2),
where H,,(z) is an all-pass system function and Hix(z) is a causal generalized linear-
phase system. What does this information tell you about the poles and zeros of Hyjn(2)?
(b) A generalized linear-phase FIR system has an impulse response with real values and
h[n] = O forn < 0 and for n > 8, and h[n] = —A[7 — n]. The system function of this
system has a zero at z = 0.8¢/7/* and another zero at z = —2. What is H(z)?
5.47. Consider an LTI system with input x[#] and output y[n]. When the input to the system is

sin(0.47n)
n

x[n] =5 + 10 cos(0.57n),

the corresponding output is
sin[0.37(n — 10)]
n(n—-10)
Determine the frequency response H(e/“) and the impulse response A[n] for the LTI system.

y[n] = 10

5.48. Figure P5.48-1 shows the pole-zero plots for three different causal LTI systems with real
impulse responses. Indicate which of the following properties apply to each of the sys-
tems pictured: stable, IIR, FIR, minimum phase, all-pass, generalized linear phase, positive
group delay at all w.

3
T HE e
AR
&J Re Re
X
o HGE
o)
X
—0 %
Re
X
(]
Figure P5.48-1
5.49. Let §) be an LTI system with system function:
1-27
Hi(z) = —. lz| > 0,
1-z

and impulse response /[n].
(a) Is S| causal? Explain.
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5.50.

5.51.

5.52.

5.53.

5.54'
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(b) Let g[n] = hi[n] = h2[n]. Specify an h»[n] such that g[n] has at least nine nonzero
samples and g[n] can be considered the impulse response of a causal LTI system with
strictly linear phase; i.e., G(e/%) = |G(e/®)|e~/*"0 for some integer ng.

(¢) Let g[n] = h;y[n] * h3[n]. Specify an h3[n] such that

q[n] = é[n] for0<n <19.

The LTI systems H;(e’®) and H(e’?) are generalized linear-phase systems. Which, if any,
of the following systems also must be generalized linear-phase systems?

(a)
G1(e/®) = Hy(e’®) + Hale'®)
(b)
Ga(e’”y = Hy(e’®) Ha(e!®)
()
2w f_

This problem concerns a discrete-time filter with a real-valued impulse response A[n]. De-
termine whether the following statement is true or false:

Statement: If the group delay of the filter is a constant for 0 < w < x, then the
impulse response must have the property that either

A[n] = h[M — n]
h[n] = —h[M - n],

or

where M is an integer.

If you believe that the statement is true, clearly show your reasoning. If you believe that it
is false, provide a counterexample.

The system function H;;(z) represents a type II FIR generalized linear-phase system with
impulse response #;;[n]. This system is cascaded with an LTI system whose system function
is (1 — z71) to produce a third system with system function H(z) and impulse response h[n].
Prove that the overall system is a generalized linear-phase system, and determine what type
of linear phase system it is.

In this problem, you will consider three different LTI systems. All three are causal and
have real impulse responses. You will be given additional information about each system.
Using this information, state as much as possible about the poles and zeros of each system
function and about the length of the impulse response of the system.
(a) Hi(z) has a pole at z = 0.9¢/"/3, and when x[n] = u[n], lim y[n] =

n—oo

(b) H;(z) has azeroat z = 0. 8ef”/4, H>(e/®) has linear phase with <t H(e/®) = —2.50,
and 20 log,, | F2(e/?)| = —
(¢) Hj3(z) hasapoleat z =0. 861”/4 and | H3(e/®)| = 1 for all .

The following three things are known about a signal x[n] with z-transform X(z):
(i) x[n] is real valued and minimum phase,
(ii) x[n] is zero outside the interval 0 < n < 4,
(iii) X(z) has a zero at z = 1e/™/4 and a zero at z = Je/37/4,
Based on this information, answer the following questions:
(a) Is X(z) rational? Justify your answer.
(b) Sketch the complete pole-zero plot for X(z) and specify its ROC.
(¢) If y[n]xx[n] = §[n] and y[n] is rightsided, sketch the pole-zero plot for Y(z) and specify
its ROC.
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5.55. Consider a real sequence x[n} and its DTFT X(e/?). Given the following information,
determine and plot the sequence x[n]:

1. x[n] is a finite-length sequence.

2. At z =0, X(z) has exactly five poles and no zeros. X(z) may have poles or zeros at
other locations.

3. The unwrapped phase function is

—aw + 0O<w<m,

—aw—%5, —-nmT<w<(,

arg [X(ej‘”)] = {

INERNTE]

for some real constant .
4. The group delay of the sequence evaluated at w = 7 is 2; i.e.,

grd[X(ef“’)] 2.

w=nj2 =

5‘
1 [ o (2
— I X (e/“) dw = 28.
2 f_,

6. If y[n] = x[n] * u[n], then
L/ Y(e/Ydw = 4,
2r J_.

1 4 o
—/ Y(e/!*Ye/“dw = 6.
2 f_

7. X(e/“)|p=r =0.
8. The sequence v[n] whose DTFT is V(e/®) = Re{X(e/®)} satisfies v[5] = —%.

5.56. Let S1 be acausal and stable LTI system with impulse response h;[n] and frequency response

H

(a)

(b)

(0

(d)

(e/*). The input x[#] and output y[#] for S; are related by the difference equation

yln] = yln — 11+ 3y[n — 2] = x[n].

If an LTI system S has a frequency response given by H,(e/*) = Hj(—e/®), would you
characterize S as being a lowpass filter, a bandpass filter, or a highpass filter? Justify
your answer.

Let S3 be a causal LTI system whose frequency response Hz(e/“) has the property that

H3(e’*)Hi(e!®) = 1.

Is S3 a minimum-phase filter? Could S3 be classified as one of the four types of FIR
filters with generalized linear phase? Justify your answers.

Let S, be a stable and noncausal LTI system whose frequency response is Hs(e/*) and
whose input x[n] and output y[n] are related by the difference equation:

y[nl + aryln — 1] + ezy[n — 2] = o x[n],

where o1, a2, and By are all real and nonzero constants. Specify a value for «;, a value
for oy, and a value for By such that | Hs(e/?)| = | H1(e/®)|.

Let S5 be an FIR filter whose impulse response is #5[n] and whose frequency response,
Hs(e/*), has the property that Hs(e/®) = | A(e/*)|? for some DTFT A(e/®) (i.e., Ss
is a zero-phase filter). Find hs[n] such that hs[n] = h1[n] is the impulse response of a
noncausal FIR filter.



332

Transform Analysis of Linear Time-Invariant Systems Chap. 5

Extension Problems

5.57. In the system shown in Figure P5.57-1, assume that the input can be expressed in the form

x[n]) = s[n] cos(wqn).

Assume also that s[n] is lowpass and relatively narrowband; i.e., S(e/®) = 0 for |w| > A,
with A very small and A <« wy, so that X(e’/®) is narrowband around & = Fwy.

»| H(e/?) >
x[n] »[7]  Figure P5.57-1

(a) If |[H(e/®)| = 1 and <{H(e/®) is as illustrated in Figure P5.57-2, show that y[n] =

s[n]cos(won — ¢o).

LH (/)
1 Po
] i
-1 O w
| —
Figure P5.57-2

(b) If |H(e/*)] = 1 and <H(e’®) is as illustrated in Figure P5.57-3, show that y[#] can be

(©

expressed in the form
y[n] = s[n — nq] cos(won — ¢po — wony).
Show also that y[n] can be equivalently expressed as

y[n] = s[n — ng] cos(won — ¢1),
where —¢ is the phase of H(e/?) at w = wo.

LH(e')
Slope = -n,
— ¢

Figure P5.57-3
The group delay associated with H(e/®) is defined as

() = — - argl H(e),

and the phase delay is defined as tpn(w) = —(1/w)<TH(e/). Assume that | H(e/*)| is
unity over the bandwidth of x[n]. Based on your results in Parts (a) and (b) and on the
assumption that x[r] is narrowband, show that if 75 (wp) and rph{wp) are both integers,
then

yln] = s[n — tgr(wo)] cos{woln — tpn(eo)]}-
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This equation shows that, for a narrowband signal x[n], < H(e/®) effectively applies a
delay of 75 (wo) to the envelope s[n] of x[n] and a delay of 7, (wo) to the carrier cos won.
Referring to the discussion in Section 4.5 associated with noninteger delays of a se-
quence, how would you interpret the effect of group delay and phase delay if 74 (wo)
or 7,n(wp) (or both) is not an integer?

5.58. The signal y[n] is the output of a linear time-invariant system with input x[rn], which is
zero-mean white noise. The system is described by the difference equation

(a)

N

M
y[n] = Zaky[n — k]l + Z brx[n — k], by = 1.

k=1 k=0

What is the z-transform ®,,(z) of the autocorrelation function ¢,,[n]?
Sometimes it is of interest to process y[n] with a linear filter such that the power

spectrum of the linear filter’s output will be flat when the input to the linear filter is y[n].
This procedure is known as “whitening” y[n], and the linear filter that accomplishes the
task is said to be the “whitening filter” for the signal y[n]. Suppose that we know the
autocorrelation function ¢,, (7] and its z-transform ®,,(z), but not the ax’s and the by’s.

(b)
(©)

Discuss a procedure for finding a system function H, (z) of the whitening filter.
Is the whitening filter unique?

5.59. In many practical situations, we are faced with the problem of recovering a signal that has
been “blurred” by a convolution process. We can model this blurring process as a linear
filtering operation, as depicted in Figure P5.59-1, where the blurring impulse response is as
shown in Figure P5.59-2. This problem will consider ways to recover x[n] from y[n].

(a)

(b)

» h[n] >
x(n] y[n]
Desired signal Blurred signal  Figure P5.59-1
_Jj1, 0=snsM-1
1] I ] { hlnl = {0. otherwise
0 M-1  n Figure P5.59-2

One approach to recovering x[n] from y[n] is to use an inverse filter; i.e., y[n] is filtered
by a system whose frequency response is

1
H(ei®)’
where H(e/®) is the Fourier transform of k[n]. For the impulse response h[n] shown
in Figure P5.59-2, discuss the practical problems involved in implementing the inverse
filtering approach. Be complete, but also be brief and to the point.
Because of the difficulties involved in inverse filtering, the following approach is sug-
gested for recovering x[n] from y[r]: The blurred signal y[r] is processed by the system
shown in Figure P5.59-3, which produces an output w[n] from which we can extract
an improved replica of x[n]. The impulse responses h;[n] and h;[n] are shown in Fig-
ure P5.59-4. Explain in detail the working of this system. In particular, state precisely
the conditions under which we can recover x[n] exactly from w[n]. Hint: Consider the
impulse response of the overall system from x[n] to w[n].

Hi(e'*) =
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—| hy[n] » hy[n] F—
y[n] wln]  Figure P5.59-3
4
hy[n] =73 8[n-kM]
k=0
1
0 M 2M M (g - DM gM  n

hy[n] = 8[n] - 6[n-1]

Figure P5.59-4
(¢) Let us now attempt to generalize this approach to arbitrary finite-length blurring im-
pulse responses h[n];i.e.,assume only that A[n] = Oforn < Oorn > M. Further, assume
that k;[#] is the same as in Figure P5.59-4. How must H>(z) and H(z) be related for
the system to work as in Part (b)? What condition must H(z) satisfy in order that it be
possible to implement H>(z) as a causal system?

5.60. In this problem,we demonstrate that, for a rational z-transform, a factor of the form (z— zg)
and a factor of the form z/(z — z;j) contribute the same phase.

(a) Let H(z) = z — 1/a, where a isreal and 0 < @ < 1. Sketch the poles and zeros of the
system, including an indication of those at z = co. Determine <{H(e’®), the phase of
the system.

(b) Let G(z) be specified such that it has poles at the conjugate-reciprocal locations of ze-
ros of H(z) and zeros at the conjugate-reciprocal locations of poles of H(z), including
those at zero and co. Sketch the pole-zero diagram of G(z). Determine <G(e/®), the
phase of the system, and show that it is identical to << H(e/®).

5.61. Prove the validity of the following two statements:

(a) The convolution of two minimum-phase sequences is also a minimum-phase sequence.

(b) The sum of two minimum-phase sequences is not necessarily a minimum-phase se-
quence. Specifically, give an example of both a minimum-phase and a nonminimum-
phase sequence that can be formed as the sum of two minimum-phase sequences.

5.62. A sequence is defined by the relationship

o0

rlal = > h[mla[n+m] = h[n] « h{—n],

where h[n] is a minimum-phase sequence and
r[n] = %(%)" u[n] + %2"u[—n —1].

(a) Find R(z) and sketch the pole-zero diagram.
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(b) Determine the minimum-phase sequence h[n] to within a scale factor of +1. Also,
determine the z-transform H(z) of h[n].

A maximum-phase sequence is a stable sequence whose z-transform has all its poles and
zeros outside the unit circle.
(a) Show that maximum-phase sequences are anticausal, i.e., that they are zero for n > 0.
FIR maximum-phase sequences can be made causal by including a finite amount
of delay. A finite-duration causal maximum-phase sequence having a Fourier transform
of a given magnitude can be obtained by reflecting all the zeros of the z-transform of a
minimum-phase sequence to conjugate-reciprocal positions outside the unit circle. That is,
we can express the z-transform of a maximum-phase causal finite-duration sequence as

Hmax(z) = Hnin (Z)Hap(Z).

Obviously, this process ensures that | Hpax(e/®)| = | Hmin(e/?)|. Now, the z-transform of a
finite-duration minimum-phase sequence can be expressed as

M
Huin(2) = hmin[0] [ [(1 = 2™, ledd < 1.
k=1
(b) Obtain an expression for the all-pass system function required to reflect all the zeros
of Hpin(2) to positions outside the unit circle.
(c) Show that Hpax(z) can be expressed as

Hmax(z) = Z_MHmin(Z_l)-

(d) Using the result of Part (c), express the maximum-phase sequence hAnax[#n] in terms of
hmin[7])

It is not possible to obtain a causal and stable inverse system (a perfect compensator) for
a nonminimum-phase system. In this problem, we study an approach to compensating for
only the magnitude of the frequency response of a nonminimum-phase system.

Suppose that a stable nonminimum-phase linear time-invariant discrete-time system
with a rational system function H(z) is cascaded with a compensating system H.(z) as
shown in Figure P5.64-1.

o | Figure P5.64-1

(a) How should H.(z) be chosen so that it is stable and causal and so that the magnitude
of the overall effective frequency response is unity? (Recall that H(z) can always be
represented as H(z) = Hyp(2) Hmin(2).)

(b) What are the corresponding system functions H.(z) and G(z)?

(c) Assume that

H(z) = (1 —0.8e/%37 771y (1 — 0.8¢7 /937 77 1)(1 — 1.2e/977z71)(1 — 1.2¢7 7077 71y,
Find Hmin(2), Hap(2), H.(2), and G(z) for this case, and construct the pole-zero plots
for each system function.

Let hpin[n] denote a minimum-phase sequence with z-transform Hpp(z). If £[n] is a causal
nonminimum-phase sequence whose Fourier transform magnitude is equal to | Hyin(e/*)|,
show that

|h[0]| < lhmin[o]l-
(Use the initial-value theorem together with Eq. (5.103).)
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5.66. One of the interesting and important properties of minimum-phase sequences is the minimum-
energy delay property; i.e., of all the causal sequences having the same Fourier transform
magnitude function | H(e/®)}, the quantity

n

E[n] =) [h[m)]?

m=0

is maximum for all n > 0 when A[n] is the minimum-phase sequence. This result is proved as
follows: Let hpyin[72] be a minimum-phase sequence with z-transform Hpy;, (z). Furthermore,
let zx be a zero of Hpp(z) so that we can express Hpin(2) as

Hoin(2) = Q1 - zz™"), <1,

where Q(z)is again minimum phase. Now consider another sequence 4[n] with z-transform
H(z) such that

|H(e’*)| = lein(ejw)l

and such that H(z) has a zero at z = 1/z; instead of at z.

(a) Express H(z) in terms of Q(z2).

(b) Express h[n] and hpjn[n] in terms of the minimum-phase sequence g[n] that has
z-transform Q(z).

(¢) To compare the distribution of energy of the two sequences, show that

E= Z()'hmin[Tn]lz — z:OVl[m]]z = (1 - lzk|2)|q[n]|2.

(d) Using the result of Part (c), argue that

n n
Z lh[m]|* < Z |Amin[m]>  for all a.
m=0 m=0

5.67. A causal all-pass system Hj,(2) has input x{n] and output y[n].
(a) If x[n]is a real minimum-phase sequence (which also implies that x[n] = 0 for n < 0),
using Eq. (5.118), show that

n

D kP =y AR (P5.67-1)
k=0

k=0
(b) Show that Eq. (P5.67-1) holds even if x[n] is not minimum phase, but is zero for n < 0.

5.68. Inthe design of either continuous-time or discrete-time filters, we often approximate a spec-
ified magnitude characteristic without particular regard to the phase. For example, standard
design techniques for lowpass and bandpass filters are derived from a consideration of the
magnitude characteristics only.

In many filtering problems, we would prefer that the phase characteristics be zero
or linear. For causal filters, it is impossible to have zero phase. However, for many filtering
applications, it is not necessary that the impulse response of the filter be zero for n < 0 if
the processing is not to be carried out in real time.

One technique commonly used in discrete-time filtering when the data to be filtered
are of finite duration and are stored, for example, in computer memory is to process the
data forward and then backward through the same filter.

Let h[n] be the impulse response of a causal filter with an arbitrary phase character-
istic. Assume that A[n] is real, and denote its Fourier transform by H(e/®). Let x[n] be the
data that we want to filter.
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(@) Method A: The filtering operation is performed as shown in Figure P5.68-1.

F h o
x[n] o

— h[n] .
gl-nl r[n]

s[n] =r[-n] Figure P5.68-1

1. Determine the overall impulse response A;[n] that relates x[n] to s{#], and show
that it has a zero-phase characteristic.
2, Determine | H;(e/®)|, and express it in terms of { H(e/*)| and < H(e/®).

(b) Method B: As depicted in Figure P5.68b-2, process x[n] through the filter h[n] to get
g[n]. Also, process x[n] backward through h[n] to get r[n]. The output y[n]is then taken
as the sum of g{n] and r[—n}. This composite set of operations can be represented by
a filter with input x[#], output y{n}], and impulse response h>[n].

»! i[n >

x[n] ! gln]

» hln >

x[-n] ! r[n]
y[nl =gln] + r[-n] Figure P5.68-2

1. Show that the composite filter &>[n] has a zero-phase characteristic.
2. Determine | H2(e/®)|, and express it in terms of | H(e/)| and < H(e/®).

(c) Suppose that we are given a sequence of finite duration on which we would like to
perform a bandpass zero-phase filtering operation. Furthermore, assume that we are
given the bandpass filter A[n], with frequency response as specified in Figure P5.68-3,
which has the magnitude characteristic that we desire, but has linear phase. To achieve
zero phase, we could use either method A or B. Determine and sketch | H;(e/“)| and
| Hz(e’/®)|. From these results, which method would you use to achieve the desired
bandpass filtering operation? Explain why. More generally, if A[n] has the desired mag-
nitude, but a nonlinear phase characteristic, which method is preferable to achieve a
zero-phase characteristic?

|H(e /)l

m
I\'r w
|
-T2 Figure P5.68-3
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5.69. Determine whether the following statement is true or false. If it is true, concisely state your
reasoning. If it is false, give a counterexample.
Statement: If the system function H(z) has poles anywhere other than at the origin or
infinity, then the system cannot be a zero-phase or a generalized linear-phase system.

5.70. Figure P5.70-1shows the zeros of the system function H(z) for a real causal linear-phase FIR
filter. All of the indicated zeros represent factors of the form (1 —az~'). The corresponding
poles at z = 0 for these factors are not shown in the figure. The filter has approximately
unity gain in its passband.

(a) One of the zeros has magnitude 0.5 and angle 153 degrees. Determine the exact location
of as many other zeros as you can from this information.

(b) Thesystem function #/(z)isused in the system for discrete-time processing of continuous
time signals shown in Figure 4.11, with the sampling period 7 = 0.5 msec. Assume that
the continuous-time input X,(j$2) is bandlimited and that the sampling rate is high
enough to avoid aliasing. What is the time delay (in msec) through the entire system,
assuming that both C/D and D/C conversion require negligible amounts of time?

(¢) For the system in Part (b), sketch the overall effective continuous-time frequency re-
sponse 20log;, | Hes:(j2)| for 0 < @ < nr/ T as accurately as possible using the given
information. Estimate the frequencies at which Heg(j2) = 0, and mark them on your
plot.

1.5+ o) —

0.5

Imaginary bart
=)
o}

05—

2 | | | | | |
2 -15 -1 -05 0 05 1 1.5 2

Real part Figure P5.70-1

5.71. A signal x[n] is processed through an LTI system H(z) and then downsampled by a factor
of 2 to yield y[n] as indicated in Figure P5.71-1. Also, as shown in the same figure, x[n] is
first downsampled and then processed through an LTI system G(z) to obtain r[n].
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(a) Specify a choice for H(z) (other than a constant) and G(z) so that r[n] = y[n] for an
arbitrary x[n].

(b) Specify achoice for H(z) so that there is no choice for G(z) that will result in r[n] = y[n]
for an arbitrary x|[n].

——| H(z) - {2 ———
x[n] win] y[n] =wi2n]
> 42 " G) [
x[n] s[n] = w(2n] riz]  Figure P5.71-1

(¢) Determine as general a set of conditions as you can on H(z) such that G(z) can be
chosen so that r[n] = y[n] for an arbitrary x[n]. The conditions should not depend on
x[n]. If you first develop the conditions in terms of k[n], restate them in terms of H(z).

(d) For the conditions determined in Part (c), what is g[n] in terms of #[n] so that r[n] =
yln].

Consider a discrete-time LTI system with a real-valued impulse response h[n]. We want to

find A[n], or equivalently, the system function H(z) from the autocorrelation cy,[€] of the

impulse response. The definition of the autocorrelation is
o0
cnle] = Y hlkln[k+ €]

k=—00

(a) If the system h[n]is causal and stable, can you uniquely recover A[n] from cu,[£]? Justify
your answer.
(b) Assume that A[n] is causal and stable and that, in addition, you know that the system
function has the form
1

1-— Ziv:l arz*

for some finite ax. Can you uniquely recover hA[n] from c;,[£]? Clearly justify your
answer.

H(z) =

Let h[n] and H(z) denote the impulse response and system function of a stable all-pass LTI
system. Let 4;[n] denote the impulse response of the (stable) LTT inverse system. Assume
that h[n] is real. Show that h;[n] = h[—n].

Consider a real-valued sequence x[n] for which X(e/®) = 0for £ < |w| < 7. One sequence
value of x[n] may have been corrupted, and we would like to recover it approximately or
exactly. With g[n] denoting the corrupted signal,

g[n] = x[n] for n # ny,

and g[no] is real but not related to x[ng]. In each of the following two cases, specify a
practical algorithm for recovering x[n] from g[n] exactly or approximately.

(a) The exact value of ng is not known, but we know that ng is an odd number.

(b) Nothing about ng is known.

Show that if h[n] is an N-point FIR filter such that A[n] = A[N — 1 — n] and H(zy) = 0,
then H(1/zp) = 0. This shows that even symmetric linear-phase FIR filters have zeros that
are reciprocal images. (If A[n] is real, the zeros also will be real or will occur in complex
conjugates.)



